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This note considers bounded and unbounded Hadamard-type hypersingular 

integrals of second-order singularity on an interval containing the singular point in 

its interior. The weight functions either vanish or become singular at the endpoints 

of the interval, and the density function is assumed to be sufficiently smooth. For 

each of the two types of integrals, automatic quadrature schemes are constructed. 

The approach is based on approximating the density function by truncated series 

of Chebyshev polynomials of the first and second kind, respectively, followed by 

the application of known analytical techniques for evaluating integrals of these 

polynomials. For the case where the limits of integration coincide with the 

endpoints of the standard interval, standard Gauss–Chebyshev quadrature formulas 

are also constructed. 

Numerical experiments showed that the proposed methods are highly accurate in 

cases where the density is a polynomial or a rational function. 

Keywords:  

Automatic quadrature formula, Chebyshev 
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1. Introduction

The theory of singular integral equations (SIEs) with the integral in the sense of its principal 

value was originated almost simultaneously with the theory of Fredholm integral equations. In the 

early 20th century Hilbert (23 January 1862 – 14 February 1943) and Poincaré (9 April 1854 – 17 July 

1912) examined SIEs while investigating different type of problems, viz, when Hilbert studying some 

boundary value problems of analytic function and Poincare was improving the theory of tides. Both 

theories are associated with numerous applications of singular and hypersingular integral equations, 

as well as with Riemann’s boundary value problem. The Riemann’s boundary value problem, singular, 

and hypersingular integral equations are widely used as basic techniques of mathematical modeling in 

physics: Quantum field theory (Bogolubov et al. [1]), theory of close and long-distance interaction 

(Brown and Jackson [2]), theory of elasticity and thermos-elasticity (Ioakimidis [3]), aerodynamics 
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Uzbekistan. E-mail: ezainidin@gmail.com  
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(Lifanov [4]), and electrodynamics (Lifanov et al. [5]), three-dimensional elasticity problems (Boykov 

[6]) and so on. 

Let us consider integrals with strong singularity in general form 

𝐼𝑝(𝑥, 𝑦; 𝑐, 𝑓) = ∫
𝑓(𝑡)

𝑤𝑟(𝑡)(𝑡−𝑐)𝑝
𝑑𝑡

𝑧

𝑦
,   c ∈ (𝑎, 𝑏), 𝑝 ∈ 𝑁, , (1) 

where 𝑤(𝑡) is a weight function, 𝑓(𝑡) is the given differentiable function in certain order and 𝑥, 𝑦 are 

variables with 𝑎 ≤ 𝑥 < 𝑦 ≤ 𝑏. 

Particularly, when 𝑝 = 1, Eq. (1) is called Cauchy type singular integrals (CSIs), if 𝑝 = 2 it is 

named Hadamard type SIs (or hypersingular integrals "HSIs") and when 𝑝 > 2 it is called super-

singular integrals (SuperSIs). Main issue of this note is to find highly approximate solution of the SIs 

(1) for the case of 𝑝 = 2. To understand the problem well let us recall some definition of Cauchy-

Hadamard finite-part integral. The concept of one-dimensional CPV integral is well introduced and 

widely used in applications. There are several definitions, mathematically equivalent for the finite-part 

integral in the literatures. One of them is the followings. 

Definition 1 (Boykov et al. [6] and Zhang et al. [7] ). The Hadamard principal sense of the 

integral (1) with w(t) = 1 is defined as the limit of the following expression  

∫
𝑓(𝑡)

(𝑡−𝑠)𝑝+1
𝑑𝑡 = 𝑙𝑖𝑚𝜀→∞

𝑏

𝑎
{∫

𝑓(𝑡)

(𝑡−𝑠)𝑝+1
𝑑𝑡

𝑠−𝜀

𝑎
+ ∫

𝑓(𝑡)

(𝑡−𝑠)𝑝+1
𝑑𝑡

𝑏

𝑎+𝜀
−
2𝑓(𝑝−1)(𝑠)

𝜀
} , (2) 

where 𝑝 > 1 and 𝑓(𝑡) is said to be finite-part integrable (or integrable in the Hadamard sense) if the 

limit on the right-hand side of (2) exists.  

It is known that differentiation of the CPV integrals  

𝐶(𝑓, 𝑥) = ∫
𝑤(𝑡)𝑓(𝑡)

𝑡−𝑥
𝑑𝑡

1

−1
, 𝑥 ∈ (−1,1), (3) 

yields  

𝐻(𝑓, 𝑥) = ∫
𝑤(𝑡)𝑓(𝑡)

(𝑡−𝑥)2
𝑑𝑡

1

−1
=

𝑑

𝑑𝑥
∫

𝑤(𝑡)𝑓(𝑡)

𝑡−𝑥
𝑑𝑡

1

−1
=

𝑑

𝑑𝑥
𝐶(𝑓, 𝑥), (4) 

here, 𝐻(𝑓, 𝑥) is called hypersingular integrals (HSIs) and represents a natural extension of singular 

integrals in the CPVs.  

Many problems in mechanics require the evaluation of integrals with a second order singularity. 

Particularly, Hui and Shia [8] developed a Gaussian quadrature formula using orthonormal 

polynomials for hypersingular integrals (4) and numerical experiments are carried out and compared 

with the quadrature formula developed by Kutt [9]. Chen [10] studied the plane elastic problem for a 

curved crack problem by means of the hypersingular integral equation approach. Nik Long and 

Eshkuvatov [11] proposed the complex variable function method and used to formulate the multiple 

curved crack problems into hypersingular integral equations. However Chan et. al. [12], addressed 

how the Hadamard finite part integral is used to solve the plane crack problems. Kim [13] considered 

the numerical evaluation of one sided finite part integrals of (4) with 𝑤(𝑡) = (1 − 𝑡)𝛼(1 + 𝑡)𝛽 , 𝛽 >
−1, −1 < 𝛼 < 0. Chan et. al. [14] investigated hypersingular integrals of the form  

𝐼𝛼(𝑇𝑛, 𝑚, 𝑟) = ∮
𝑇𝑛(𝑠)(1 − 𝑠

2)𝑚−1/2

(𝑠 − 𝑟)𝛼
𝑑𝑠

1

−1

, |𝑟| < 1,𝑚 ∈ 𝑁   

𝐼𝛼(𝑈𝑛, 𝑚, 𝑟) = ∮
𝑈𝑛(𝑠)(1−𝑠

2)
𝑚−1/2

(𝑠−𝑟)𝛼
𝑑𝑠

1

−1
, |𝑟| < 1,𝑚 ∈ 𝑁   (5) 

where 𝑇𝑛(𝑥) and 𝑈𝑛(𝑥) are Chebyshev polynomials of the first and second kind, respectively, and the 

exact solution are derived for the cases 𝛼 = {1,2,3,4} and 𝑚 = {0,1,2,3,4}.  
Obayis et al. [15] presented an automatic quadrature scheme (AQS) based on Clenshaw–Curtis–

Chebyshev quadrature methods for the evaluation of HSIs of the form  
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𝑄𝑖(𝑓, 𝑥) = ∫
𝑤(𝑡)𝑓(𝑡)

(𝑡−𝑥)2
𝑑𝑡

1

−1
,   𝑥 ∈ (−1,1) , 𝑖 = {0,1,2}  (6) 

where 𝑤0(𝑡) = 1, 𝑤1(𝑡) = √1 − 𝑡2 and 𝑤2(𝑡) =
1

√1−𝑡2
 are the weight functions, and the given 

function 𝑓(𝑡) imperative to have certain smoothness properties. Particular attention is paid to error 

estimate of the developed AQS obtained in the class of functions 𝐶𝑁+2,𝛼 for 𝑖 = 0 case, which 

converges to the exact solution very fast by increasing the knot points. Bichi et al. [16] considered the 

HSIs (6) with the weights 𝑤3(𝑡) = √
1−𝑡

1+𝑡
 and 𝑤4(𝑡) = √

1+𝑡

1−𝑡
. For the construction of AQS, the density 

function 𝑓(𝑡) is approximated by third and fourth kind Chebyshev polynomials. Several examples are 

provided to validate the proposed methods. Eshkuvatov et al. [17] constructed hybrid quadrature 

formula for singular integral of Cauchy type with four types. Shadimetov and Akhmedov [18] 

developed optimal quadrature formula for approximate solution of the 1st kind Fredholm singular 

integral equations and Akhmedov and Pirnapasov [19] constructed optimal approximation techniques 

for solving Hadamard-type integral equations. Eshkuvatov et al. [20-21] have used different type of 

methods to solve singular integral equations of the first kind. 

In this note, we have developed the AQS based on Chebyshev-Gauss quadrature formula for the 

hypersingular integrals of the form  

𝐻𝑟(ℎ, 𝑐) =
𝑤𝑟(𝑐)

𝜋
∫

𝑓(𝑡)

𝑤𝑟(𝑡)(𝑡−𝑐)2
𝑑𝑡

𝑧

𝑦
, 𝑐 ∈ (−1,1), − 1 ≤ 𝑦 < 𝑧 ≤ 1, r = {1, 2}, (7) 

where ℎ(𝑡) is a smooth function and 

𝑤1(𝑡) = √1 − 𝑡2,     𝑤2(𝑡) =
1

√1−𝑡2
. (8) 

Particularly, in Section 2, the mathematical concepts of the first and second kind Chebyshev 

polynomials and Cauchy-Hadamard SIs are presented. In Section 3, the detail construction of AQS for 

the bounded 𝑟 = 1 and unbounded 𝑟 = 2 HSIs are given. Numerical examples are provided in Section 

4, followed by the conclusion and acknowledgment in Section 5. 

 

2. Mathematical concepts of the first and second kind chebyshev polynomials and singular 

integrals 

 

In this section we recall some concepts of the Chebyshev polynomials and singular integrals.  

Definition 2 (Mason & Handscomb [22]): The Chebyshev polynomials of the first kind Tm(t) and 

of the second kind Um(t) are the polynomials of degree m on the interval [−1,1] defined by  

{
𝑇𝑚(𝑡) = 𝑐𝑜𝑠(𝑚𝜃),

𝑈𝑚(𝑡) =
𝑠𝑖𝑛(𝑚+1)𝜃

𝑠𝑖𝑛 𝜃
,
 (9) 

where 𝑡 = 𝑐𝑜𝑠𝜃, 0 ≤ 𝜃 ≤ 𝜋.  

Both polynomials  

𝑃𝑟,𝑚(𝑡) = {
𝑇𝑚(𝑡),   𝑟 = 1,
𝑈𝑚(𝑡),   𝑟 = 2,

  (10) 

satisfy the recurrence relations  

{
𝑃𝑟,𝑚(𝑡) = 2𝑡𝑃𝑟,𝑚−1(𝑡) − 𝑃𝑟,𝑚−2(𝑡),   𝑚 = 2,3,⋯ , 𝑟 = {1,2}

𝑃0,0(𝑡) = 1,   𝑃1,1(𝑡) = 𝑡,              𝑃2,1(𝑡) = 1, 𝑃2,1 = 2𝑡.  
.

 (11) 

The function 𝑃𝑟,𝑚 satisfy the orthogonality properties  
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𝜇𝑚,𝑛
𝑟 =

1

𝜋
⟨𝑃𝑚,𝑟 , 𝑃𝑛,𝑟⟩𝑟 =

{
 
 

 
 
0, 𝑚 ≠ 𝑛, 𝑟 = {1,2},
1, 𝑚 = 𝑛 = 0,   𝑟 = 1,
1

2
, 𝑚 = 𝑛 ≠ 0, 𝑟 = 1,

1

2
,   𝑚 = 𝑛,   𝑟 = 2.

 (12) 

with respect to inner product  

⟨𝑓, 𝑔⟩ = ∫ 𝑤𝑟(𝑡)𝑓(𝑡)𝑔(𝑡)𝑑𝑡
1

−1
, (13) 

where weights 𝑤𝑟(𝑡), 𝑟 = {1,2} are defined by (8). 

In Mason and Handscomb [22] shown the relationship of Chebyshev polynomials  

𝑇𝑘+1(𝑡) =
1

2
[𝑈𝑘+1(𝑡) − 𝑈𝑘−1(𝑡)], 

(1 − 𝑡2)𝑈𝑘(𝑡) =
1

2
[𝑇𝑘(𝑡) − 𝑇𝑘+2(𝑡)], (14) 

and differentiation of Chebyshev polynomials of the first and second kind are  

𝑑

𝑑𝑥
𝑇𝑘(𝑡) = 𝑘𝑈𝑘−1(𝑡),

(1 − 𝑡2)
𝑑

𝑑𝑡
𝑈𝑘(𝑡) =

1

2
[(𝑘 + 1)𝑈𝑘−2(𝑡) − (𝑘 − 1)𝑈𝑘(𝑡)].

 (15) 

The following are Hilbert type integral transform  

Lemma 1 (Mason & Handscomb [22]).  

∫
𝑐𝑜𝑠𝑚𝜃

𝑐𝑜𝑠 𝜃−𝑐𝑜𝑠𝛼
𝑑𝜃

𝜋

0
= 𝜋

𝑠𝑖𝑛𝑚𝛼

𝑠𝑖𝑛𝛼
, (16) 

for any 𝛼 ∈ [0, 𝜋], 𝑚 = 1,2,3,⋯.  
Lemma 2 (Mason and Handscomb [22]).  

∫
𝑠𝑖𝑛𝑚𝜃 𝑠𝑖𝑛 𝜃

𝑐𝑜𝑠 𝜃−𝑐𝑜𝑠 𝛼
𝑑𝜃

𝜋

0
= −𝜋 𝑐𝑜𝑠𝑚𝛼, (17) 

for any 𝛼 ∈ [0, 𝜋], 𝑚 = 1,2,3,⋯.  
The bound for some important integrals are established   

Theorem 1 (Mason and Handscomb [22]). As a CPV integral, we have 

𝑆𝑗,𝑟(𝑥) =
1

𝜋
∫

𝑤𝑟(𝑡)𝑃𝑗,𝑟(𝑡)

𝑡−𝑥
𝑑𝑡

1

−1
= {

𝑈𝑗−1(𝑥),  𝑟 = 1,

−𝑇𝑗+1(𝑥)  𝑟 = 2,
 (18) 

It is shown in Israilov [18], that  

2 2

2 2 2 2

1 1 1
= ln ,

1 ( ) 1 1 1

dt t c x t
C

t t c c c t

− − −
+

− − − − + −


 (22) 

where 𝐶 is a constant. 

 

3. Automatic quadrature schemes for bounded and unbounded hypersingular integrals 

 

In this section, we construct two types of AQS. In Section 3.1, we construct AQS for HSIs on the 

variable interval and in Section 3.2, AQS is constructed on the fixed interval. 

3.1 Construction of AQS for HSIs on the variable interval 

To construct AQS for HSIs (5) we do the following transformation  
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𝐻𝑟(ℎ, 𝑦, 𝑧, 𝑐) =
𝑤𝑟(𝑐)

𝜋

𝑑

𝑑𝑐
[∫

ℎ(𝑡) − ℎ(𝑐)

𝑤𝑟(𝑡)(𝑡 − 𝑐)
𝑑𝑡

𝑧

𝑦

+ℎ(𝑐)∫
𝑑𝑡

𝑤𝑟(𝑡)(𝑡 − 𝑐)

𝑧

𝑦

] 

                    =
𝑤𝑟(𝑐)

𝜋

𝑑

𝑑𝑐
[𝐼𝑟,1(𝑐, 𝑦, 𝑧) + 𝐼𝑟,2(𝑐, 𝑦, 𝑧)], 𝑟 = {1,2}, (23) 

where  

𝐼𝑟,1(𝑐, 𝑦, 𝑧) = ∫
ℎ(𝑡) − ℎ(𝑐)

𝑤𝑟(𝑡)(𝑡 − 𝑐)
𝑑𝑡

𝑧

𝑦

, 𝑟 = {1,2}, 

𝐼𝑟,2(𝑐, 𝑦, 𝑧) = ℎ(𝑐) ∫
𝑑𝑡

𝑤𝑟(𝑡)(𝑡−𝑐)
𝑑𝑡

𝑧

𝑦
,    𝑟 = {1,2}. (24) 

The case of 𝒓 = 𝟏. From (7)-(8) and (23), we have  

𝐻1(ℎ, 𝑦, 𝑧, 𝑐) =
√1−𝑐2

𝜋

𝑑

𝑑𝑐
[𝐼1,1(𝑦, 𝑧, 𝑐) + 𝐼1,2𝑦, 𝑧, 𝑐], (25) 

where  

𝐼1,1(𝑦, 𝑧, 𝑐) = ∫
ℎ(𝑡)−ℎ(𝑐)

√1−𝑡2(𝑡−𝑐)
𝑑𝑡

𝑧

𝑦
, 𝐼1,2(𝑦, 𝑧, 𝑐) = ℎ(𝑐) ∫

𝑑𝑡

√1−𝑡2(𝑡−𝑐)

𝑧

𝑦
. (26) 

To evaluate SIs in (25)-(26), let the function ℎ(𝑡) is approximated by the Chebyshev polynomials  

ℎ(𝑡) ≈ 𝑃𝑟,𝑁(𝑡) = {
∑ "𝑎1𝑚𝑇𝑚(𝑡), 𝑟 = 1,
𝑁
𝑚=0

∑ "𝑎2𝑚𝑈𝑚(𝑡), 𝑟 = 2.𝑁
𝑚=0

 (27) 

where " denotes the first and last term are halved. The techniques of Hasegava & Torri [24] will be 

used to evaluate the first integral in Eq. (26) as follows  

ℎ(𝑡)−ℎ(𝑐)

(𝑡−𝑐)
≈

𝑃1𝑁(𝑡)−𝑃1𝑁(𝑐)

(𝑡−𝑐)
= ∑ ′𝑏1𝑘𝑇𝑘(𝑡)

𝑁−1
𝑘=0 . (28) 

To find the coefficients 𝑏1𝑘 we rewrite Eq. (28) in the form 

𝑃1𝑁(𝑡) − 𝑃1𝑁(𝑐) = ∑ ′𝑏1𝑘𝑇𝑘(𝑡)
𝑁−1
𝑘=0 (𝑡 − 𝑐) (29) 

It is known that  

𝑡𝑇𝑘(𝑡) =
1

2
[𝑇𝑘+1(𝑡) + 𝑇𝑘−1(𝑡)], 𝑘 = 1,… ,𝑁 − 1. (30) 

Due to (27)-(29) and restructuring right side of (29) using (30), we arrive at 

∑ 𝑎1𝑘(𝑇𝑘(𝑡) − 𝑇𝑘(𝑐))
𝑁
𝑘=1 ′ =

1

2
∑ [𝑏1𝑘−1 − 2𝑐𝑏1𝑘 + 𝑏1𝑘+1]𝑇𝑘(𝑡)
𝑁
𝑘=1 , (31) 

with 𝑏1𝑁 = 𝑏1𝑁+1 = 0 and relationship (29) is valid for any 𝑡 ∈ [−1,1], particularly for 𝑡 = 𝑐 gives  

0 =
1

2
∑ [𝑏1𝑘−1 − 2𝑐𝑏1𝑘 + 𝑏1𝑘+1]𝑇𝑘(𝑐)
𝑁
𝑘=1 +

1

2
[𝑏11 − 𝑏10𝑐]𝑇0(𝑐). (32) 

Subtracting the zero term given by (32) on the right side of (31), we obtain  

∑ 𝑎1𝑘(𝑇𝑘(𝑡) − 𝑇𝑘(𝑐))
𝑁
𝑘=1 =

1

2
∑ [𝑏1𝑘−1 − 2𝑐𝑏1𝑘 + 𝑏1𝑘+1](𝑇𝑘(𝑡) − 𝑇𝑘(𝑐))
𝑁
𝑘=1 . (33) 

By equating similar terms both sides of Eq. (32), we arrive at three diagonal system of algebraic 

equation  

{
𝑏1𝑘+1 − 2𝑐𝑏1𝑘 + 𝑏1𝑘−1 = 2𝑎1𝑘, 𝑘 = 1,⋯ ,𝑁 − 1

𝑏1𝑁−1 = 𝑎1𝑁, 𝑏1𝑁 = 0.
 (34) 

Double sweep method is used to find the coefficients 𝑏𝑘, 𝑘 = 0, … , 𝑁 − 1. Once we solve Eq. (34) for 

𝑏𝑘 it will be function of 𝑐 therefore for the future we use the notations 𝑏1𝑘 = 𝑏1𝑘(𝑐). It is known that 
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 1 1
2 2

( ) 1
= ( ) ( ) ,

1 2 1

k
k k

T t
dt T t T t c

t k t
− +− − +

− −


 (35) 

To evaluate the first integral of (26) for 𝑟 = 1 with 𝑘 = 1,2,⋯ ,𝑁 the (35) is used to get  

𝐼1,1(𝑐, 𝑦, 𝑧) ≅ ∑ 𝑏1𝑘(𝑐)

𝑁−1

𝑘=0

∫
𝑇𝑘(𝑡)

√1 − 𝑡2
𝑑𝑡

𝑧

𝑦

=
𝑏10(𝑐)

2
𝑎𝑟𝑐𝑠𝑖𝑛(𝑡)𝑦

𝑧 −∑
𝑏1𝑘(𝑐)

2𝑘

1

√1 − 𝑡2
(𝑇𝑘−1(𝑡) − 𝑇𝑘+1(𝑡))𝑦

𝑧

𝑁−1

𝑘=1

 

                           =
𝑏10(𝑐)

2
𝑎𝑟𝑐𝑠𝑖𝑛( 𝑡)|𝑦

𝑧 −
1

√1 − 𝑡2
(
𝑏11(𝑐)

2
𝑇0(𝑡) +

𝑏12(𝑐)

4
𝑇1(𝑡))

𝑦

𝑧

 

 −
1

2
[∑ (

𝑏1𝑘+1(𝑐)

𝑘+1
−
𝑏1𝑘−1(𝑐)

𝑘−1
)
𝑇𝑘(𝑡)

√1−𝑡2
𝑁−2
𝑘=2 ]

𝑦

𝑧

+ [
𝑏1𝑁−2(𝑐)

2(𝑁−2)

𝑇𝑁−1(𝑡)

√1−𝑡2
 

                            +  
𝑏1𝑁−1(𝑐)

2(𝑁−1)

𝑇𝑁(𝑡)

√1−𝑡2
]
𝑦

𝑧

= 𝐼1𝑁,1(𝑐, 𝑦, 𝑧). (36) 

For the second term of (26), we use (22) to get  

𝐼1,2(𝑐, 𝑦, 𝑧) =
ℎ(𝑐)

√1−𝑐2
[𝑙𝑛

𝑡√1−𝑐2−𝑐√1−𝑡2

√1−𝑐2+√1−𝑡2
]
𝑦

𝑧

. (37) 

From (36)-(37) and (25) it follows that  

𝐻1(𝑓, 𝑦, 𝑧, 𝑐) ≅ 𝐻1𝑁(𝑓, 𝑦, 𝑧, 𝑐) =
√1 − 𝑐2

𝜋

𝑑

𝑑𝑐
[𝐼1𝑁,1(𝑐, 𝑦, 𝑧) + 𝐼1,2(𝑐, 𝑦, 𝑧)] 

               =
√1−𝑐2

𝜋

𝑑

𝑑𝑐
{
𝑏10(𝑐)

2
𝑎𝑟𝑐𝑠𝑖𝑛( 𝑡)|𝑦

𝑧 −
1

√1−𝑡2
[
𝑏11(𝑐)

2
𝑇0(𝑡) +

𝑏12(𝑐)

4
𝑇1(𝑡)] 

                   −
1

2√1−𝑡2
[∑ (

𝑏1𝑘+1(𝑐)

𝑘+1
−
𝑏1𝑘−1(𝑐)

𝑘−1
)𝑇𝑘(𝑡)

𝑁−2
𝑘=2 ]

𝑦

𝑧

 

                      +
1

2√1 − 𝑡2
[
𝑏1𝑁−2(𝑐)

(𝑁 − 2)
𝑇𝑁−1(𝑡) +

𝑏1𝑁−1(𝑐)

(𝑁 − 1)
𝑇𝑁(𝑡)]

𝑦

𝑧

 

                       + [
ℎ(𝑐)

√1−𝑐2
𝑙𝑛

𝑡√1−𝑐2−𝑐√1−𝑡2

√1−𝑐2+√1−𝑡2
]
𝑦

𝑧

}.  (38) 

where 𝑏1𝑘(𝑐), 𝑘 = 0,1, … ,𝑁 − 1 are defined by (34). 

For the case of 𝒓 = 𝟐. From (7) and (23) it follows that 

𝐻2(𝑓, 𝑦, 𝑧, 𝑐) =
1

𝜋√1−𝑐2

𝑑

𝑑𝑐
[𝐼2,1(𝑦, 𝑧, 𝑐) + 𝐼2,2(𝑦, 𝑧, 𝑐)], (39) 

where  

𝐼2,1(𝑦, 𝑧, 𝑐) = ∫
√1−𝑡2[ℎ(𝑡)−ℎ(𝑐)]

𝑡−𝑐
𝑑𝑡

𝑧

𝑦
,       𝐼2,2(𝑦, 𝑧, 𝑐) = ℎ(𝑐) ∫

√1−𝑡2

𝑡−𝑐
𝑑𝑡

𝑧

𝑦
. (40) 

For the second integral 𝐼2,2 in Eq. (40), we use (22) and perform simple operations to obtain  

𝐼2,2(𝑦, 𝑧, 𝑐) = ℎ(𝑐)∫
(1 − 𝑡2)

√1 − 𝑡2(𝑡 − 𝑐)

𝑧

𝑦

𝑑𝑡 
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           = ℎ(𝑐)√1 − 𝑐2 [𝑙𝑛
𝑡√1−𝑐2−𝑐√1−𝑡2

√1−𝑐2+√1−𝑡2
]
𝑦

𝑧

+ ℎ(𝑐)[√1 − 𝑡2 − 𝑐 ⋅ 𝑎𝑟𝑐𝑠𝑖𝑛(𝑡)]
𝑦

𝑧
. (41) 

For the evaluation of 𝐼2,1 in Eq. (40), let  

ℎ(𝑡) ≅ 𝑃2𝑁(𝑡) = ∑ ′𝑎2𝑚𝑈𝑚(𝑡),
𝑁
𝑚=0  (42) 

then  

𝐼2,1(𝑦, 𝑧, 𝑐) = ∫
√1−𝑡2(ℎ(𝑡)−ℎ(𝑐))

𝑡−𝑐
𝑑𝑡

𝑧

𝑦
≅ ∫

√1−𝑡2(𝑃2𝑁(𝑡)−𝑃2𝑁(𝑐))

𝑡−𝑐
𝑑𝑡

𝑧

𝑦
 (43) 

To evaluate the integrand function in Eq. (43), we consider  

𝑃2𝑁(𝑡)−𝑃2𝑁(𝑐)

𝑡−𝑐
= ∑ 𝑏2𝑘𝑈𝑘(𝑡)

𝑁−1
𝑘=0 , (44) 

and using 

 𝑡𝑈𝑘(𝑡) =
1

2
[𝑈𝑘+1(𝑡) + 𝑈𝑘−1(𝑡)], 𝑘 = 1,⋯𝑁 − 1,  

with the condition 𝑏2𝑁 = 𝑏2𝑁+1 = 0, as well as doing the same approach as we did for getting 

recurrence relation for 𝑏1𝑘 we arrive at 

{
𝑏2𝑘+1 − 2𝑐𝑏2𝑘 + 𝑏2𝑘−1 = 2𝑎2𝑘, 𝑘 = 1,⋯ ,𝑁 − 1

𝑏2𝑁−1 = 𝑎2𝑁 , 𝑏2𝑁 = 0.
 (45) 

To evaluate 𝐼2,1, the following exact integration formula   

 
2

2 1 1( ) ( )1
1 ( ) = , 1,2,

2 2

k k
k

U t U tt
t U t dt k

k k

+ −−  
− − = + 

 K

 (46) 

and Eqs. (22) is used to yield  

𝐼2,1(𝑐, 𝑦, 𝑧) ≅ 𝐼2𝑁,1(𝑐, 𝑦, 𝑧) =
𝑏20(𝑐)

2
∫ √1 − 𝑡2𝑈0(𝑡)𝑑𝑡
𝑧

𝑦

+∑ 𝑏2𝑘(𝑐)

𝑁−1

𝑘=1

∫ √1 − 𝑡2𝑈𝑘(𝑡)𝑑𝑡
𝑧

𝑦

 

     =
𝑏20(𝑐)

4
[𝑡√1 − 𝑡2 + 𝑎𝑟𝑐𝑠𝑖𝑛( 𝑡)]

𝑦

𝑧

+∑
𝑏2𝑘(𝑐)

2
√1 − 𝑡2 [

𝑈𝑘+1(𝑡)

𝑘 + 2
−
𝑈𝑘−1(𝑡)

𝑘
]
𝑦

𝑧𝑁−1

𝑘=1

 

      =
𝑏20(𝑐)

4
[𝑡√1 − 𝑡2 + 𝑎𝑟𝑐𝑠𝑖𝑛( 𝑡)]

𝑦

𝑧

−
√1 − 𝑡2

2
[𝑏21(𝑐)𝑈0(𝑡) +

𝑏22(𝑐)

2
𝑈1(𝑡)]

𝑦

𝑧

 

       +
√1 − 𝑡2

2
[
𝑏2𝑁−2(𝑐)

𝑁
𝑈𝑁−1(𝑡) +

𝑏2𝑁−1(𝑐)

𝑁 + 1
𝑈𝑁(𝑡)]

𝑦

𝑧

 

       + [∑ (
𝑏2𝑘−1(𝑐)

𝑘+1
−
𝑏2𝑘+1(𝑐)

𝑘+1
)𝑈𝑘(𝑡)

𝑁−2
𝑘=2 ]

𝑦

𝑧

. (47) 

Substituting (43) and (48) into (41) yields  

𝐻2𝑁(𝑓, 𝑦, 𝑧, 𝑐) =
1

𝜋√1 − 𝑐2

𝑑

𝑑𝑐
{𝐼1,2𝑁(𝑦, 𝑧, 𝑐)} + 𝐼2,2(𝑦, 𝑧, 𝑐) 

            =
1

𝜋√1 − 𝑐2

𝑑

𝑑𝑐
{
𝑏20(𝑐)

4
[𝑡√1 − 𝑡2 + 𝑎𝑟𝑐𝑠𝑖𝑛( 𝑡)]

𝑦

𝑧

−
√1 − 𝑡2

2
[𝑏21(𝑐)𝑈0(𝑡) +

𝑏22(𝑐)

2
𝑈1(𝑡)]

𝑦

𝑧
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             +
√1 − 𝑡2

2
[
𝑏2𝑁−2(𝑐)

𝑁
𝑈𝑁−1(𝑡) +

𝑏2𝑁−1(𝑐)

𝑁 + 1
𝑈𝑁(𝑡)]

𝑦

𝑧

+ [∑ (
𝑏2𝑘−1(𝑐)

𝑘 + 1
−
𝑏2𝑘+1(𝑐)

𝑘 + 1
)𝑈𝑘(𝑡)

𝑁−2

𝑘=2

]

𝑦

𝑧

 

               +ℎ(𝑐)[√1 − 𝑡2 − 𝑐 𝑎𝑟𝑐𝑠𝑖𝑛( 𝑡)]
𝑦

𝑧
+ ℎ(𝑐)√1 − 𝑐2} [𝑙𝑛

𝑡√1−𝑐2−𝑐√1−𝑡2

√1−𝑐2+√1−𝑡2
]
𝑦

𝑧

.    (48) 

Now, we will deriv Gauss-Chebyshev quadtature formula on the fixed interval. 

 

3.2  AQS for HSIs on the fixed interval 

 

To construct AQS for the bounded and unbounded HSIs (5) when 𝑦 = −1, 𝑧 = 1, the density 

function ℎ(𝑡) is approximated with series of truncated Chebyshev polynomials. Substitute (6) into Eq. 

(5) and use Mason’s theorem [17](10) to obtain  

𝐻𝑟(ℎ, 𝑥) ≈ 𝐻(𝑃𝑟,𝑁 , 𝑥) =
𝑤𝑟(𝑡)

𝜋
∫

𝑃𝑟,𝑁(𝑡)

𝑤𝑖(𝑡)(𝑡 − 𝑥)2
𝑑𝑡

1

−1

 

               = {
√1 − 𝑥2∑ ′′𝑎1𝑚

𝑑

𝑑𝑥
[
1

𝜋
∫

𝑇𝑚(𝑡)

√1−𝑡2(𝑡−𝑥)
𝑑𝑡

1

−1
]𝑁

𝑚=0 , 𝑟 = 1

1

√1−𝑥2

𝑑

𝑑𝑥
∑ ′′𝑎2𝑚

𝑑

𝑑𝑥
[
1

𝜋
∫

√1−𝑡2𝑈𝑚(𝑡)

(𝑡−𝑥)
𝑑𝑡

1

−1
] , 𝑟 = 2𝑁

𝑚=0

 

                = {
√1 − 𝑥2

𝑑

𝑑𝑥
∑ ′′𝑎1𝑚𝑈𝑚−1(𝑥), 𝑟 = 1
𝑁
𝑚=0 ,

√1 − 𝑥2
𝑑

𝑑𝑥
∑ ′′𝑎2𝑚𝑇𝑚+1(𝑥), 𝑟 = 2,𝑁
𝑚=0

 (49) 

By applying the orthogonality relations (12), the continuous coefficients 𝑎𝑟,𝑚, 𝑖 = {1,2} are  

𝑎𝑟,𝑚 = {

2

𝜋
∫

ℎ(𝑡)𝑇𝑚(𝑡)𝑑𝑡

√1−𝑡2

1

−1
,    𝑟 = 1,

2

𝜋
∫ √1 − 𝑡2ℎ(𝑡)𝑈𝑚(𝑡)𝑑𝑡
1

−1
,   𝑟 = 2.

 (50) 

For the discrete coefficients 𝑎𝑟,𝑚, we choose the collocation points at the zeros of 𝑇𝑁+1 and 𝑈𝑁+1 

namely  

𝑡 = 𝑡1𝑘 = 𝑐𝑜𝑠
(𝑘 + 1/2)𝜋

𝑁 + 1
= 𝑐𝑜𝑠

(2𝑘 + 1)𝜋

2𝑁 + 2
, 𝑘 = 0,1,2,⋯ ,𝑁, 

𝑡 = 𝑡2𝑘 = 𝑐𝑜𝑠
(𝑘𝜋)

𝑁+1
, 𝑘 = 1,2,⋯ ,𝑁. (51) 

Then, using orthogonality conditions (12) and relation (51) for 𝑟 = {1,2}, and applying composite 

trapezoidal rule, we arrive at  

𝑎𝑟,𝑚 = {

2

𝑁+1
∑ 𝑇𝑚(𝑡𝑘)ℎ(𝑡𝑘)
𝑁
𝑘=0 ,   𝑟 = 1,

2

𝑁+1
∑ (1 − 𝑡𝑘

2)𝑈𝑚(𝑡𝑘)ℎ(𝑡𝑘)
𝑁
𝑘=0 ,   𝑟 = 2.

 (52) 
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4. Numerical results and discussion 

 

We very often use the following Table to calculate the power of Chebyshev polynomials   

Table 1: Chebyshev polynomials of the first and second kind 

𝑛   𝑇𝑛(𝑥)   𝑈𝑛(𝑥)  
 0   1   1  

 1   𝑥   2𝑥  

 2   2𝑥2 − 1   4𝑥2 − 1  

 3   4𝑥3 − 3𝑥   8𝑥3 − 4𝑥  

 4   8𝑥4 − 8𝑥2 + 1   16𝑥4 − 12𝑥2 + 1  

 5   16𝑥5 − 20𝑥3 + 5𝑥   32𝑥5 − 32𝑥3 + 6𝑥  

 6   32𝑥6 − 48𝑥4 + 18𝑥2 − 1   64𝑥6 − 80𝑥4 + 24𝑥2 − 1  

In this section, we evaluate the hypersingular integrals (5) for different choices of ℎ(𝑡). 
 

Example 1: Consider the HSI of the form  

𝐻1(ℎ, 𝑐) =
√1−𝑐2

𝜋
∫

ℎ(𝑡)

√1−𝑡2(𝑡−𝑐)2
𝑑𝑡

0.9

−0.9
 (53) 

where ℎ(𝑡) = 𝑡2 − 1.  

Exact solution of (53) is  

𝐻1(ℎ, 𝑐) =
√1−𝑐2

𝜋
[2.239539 +

𝑐

√1−𝑐2
𝑙𝑛 |

0.9√1−𝑐2−𝑐⋅0.435889

0.9√1−𝑐2+𝑐⋅0.435889
| +

0.7846018098

0.81−𝑐2
] (54) 

To obtain the approximate solution we choose 𝑁 = 5 and from (6) we get  

ℎ(𝑡) ≅ 𝑃1,5(𝑡) = ∑
5
𝑚=0 𝑎1𝑚𝑇𝑚(𝑡), (55) 

and due to orthogonality conditions it follows that  

𝑎10 = −1, 𝑎11 = 0, 𝑎12 =
1

2
, 𝑎1𝑘 = 0, 𝑘 = {3,4,5}. 

With these values of 𝑎1𝑘, we find from (55) that 𝑃1,5(𝑡) = ℎ(𝑡) = 𝑡2 − 1. 

To find the coefficients of 𝑏𝑘, we use the recurrence relation (11) and obtain that  

𝑏10 = 2𝑐, 𝑏11 = 1, 𝑏1𝑘 = 0, 𝑘 = {2,3,4,5}. (56) 

To determine the approximate solution for 𝑁 = 5, we use Eq. (38) which yields   

𝐻1,5(𝑓, 𝑦, 𝑧, 𝑐) ≅
√1 − 𝑐2

𝜋

𝑑

𝑑𝑐
{𝑏10(𝑐)∫

𝑇0(𝑡)

√1 − 𝑡2
𝑑𝑡

0.9

−0.9

+ 𝑏11(𝑐)∫
𝑇1(𝑡)

√1 − 𝑡2
𝑑𝑡

0.9

−0.9

} 

                           −
𝑑

𝑑𝑐
√1 − 𝑐2 [𝑙𝑛

𝑡√1 − 𝑐2 − 𝑐√1 − 𝑡2

√1 − 𝑐2 + √1 − 𝑡2
]
−0.9

0.9

 

                          =
√1 − 𝑐2

𝜋
[2.239539 +

𝑐

√1 − 𝑐2
𝑙𝑛 |

0.9√1 − 𝑐2 − 𝑐 ⋅ 0.435889

0.9√1 − 𝑐2 + 𝑐 ⋅ 0.435889
| 

                         +
0.7846018098

0.81 − 𝑐2
] 
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which is identical with exact solution (56). Thus, error term of approximate solution is exactly equal 

to zero for any singular point 𝑐 inside 𝑐 ∈ [𝑦, 𝑧] = [−0.9,0.9] and outside of the interval 𝑐 ∈
(−1,−0,9) ∪ (0.9,1). 

Example 2: Consider the following HSIs  

𝐻1(ℎ, 𝑐) =
√1−𝑐2

𝜋
∫

ℎ(𝑡)

√1−𝑡2(𝑡−𝑐)2
𝑑𝑡

0.9

−0.9
 (57) 

where h(t) =
10t

1+t2
. Its exact solution is  

𝐻1(ℎ, 𝑐) =
√1 − 𝑐2

𝜋

1

𝑐2 + 1
[−
35.0964735𝑐6

𝑐2 + 1
−
7.8460180983(𝑐3 + 1)

(𝑐2 − 0.81)(𝑐4 − 1)
 

                 +
−20𝑐6+26.2𝑐4−18.1𝑐2+8.1

√1−𝑐2(𝑐2−0.81)(𝑐4−1)
+ 𝑙𝑛 |

0.9√1−𝑐2−𝑐√1−0.92

0.9√1−𝑐2+𝑐√1−0.92
|]. (58) 

From (27), it follows that  

ℎ(𝑡) ≅ 𝑃1,5(𝑡) = ∑ 𝑎1𝑚𝑇𝑚(𝑡)
5
𝑚=0 . (59) 

Due to orthogonality conditions (12), we have  

𝑎10 = 0, 𝑎11 = 20 − 10√2, 𝑎12 = 0, 𝑎13 = 70√2 − 100,   

𝑎14 = 0,     𝑎15 = −410√2 + 580. 

With these values 𝑎1𝑘, we find that  

𝑃1,5(𝑡) = (20 − 10√2)𝑇1(𝑡) + (70√2 − 100)𝑇3(𝑡) + (−410√2 + 580)𝑇5(𝑡). 

To find the coefficients of 𝑏1𝑘, we use the recurrence relation (13)  

𝑏10 = −6560√2𝑐4 + 9280𝑐4 + 5480𝑐2√2 − 7760𝑐2 − 570√2 + 820, 

𝑏11 = −3280√2𝑐3 + 4640𝑐3 + 1920𝑐√2 − 2720𝑐, 

𝑏12 = −1640𝑐2√2 + 2320𝑐2 + 550√2 − 780, 

𝑏13 = −20𝑐(41√2 − 58), 

𝑏14 = −410√2 + 580, 
𝑏15 = 0. 

With this values of 𝑏1𝑘 we obtain  

𝐻1𝑁(ℎ, 𝑦, 𝑧, 𝑐) ≅
√1 − 𝑐2

𝜋

𝑑

𝑑𝑐
{
𝑏10(𝑐)

2
∫

𝑇0(𝑡)

√1 − 𝑡2
𝑑𝑡

0.9

−0.9

+∑𝑏1𝑘(𝑐)

5

𝑘=1

∫
𝑇𝑘(𝑡)

√1 − 𝑡2
𝑑𝑡

0.9

−0.9

−[
1

√1 − 𝑐2
𝑙𝑛
𝑡√1 − 𝑐2 − 𝑐√1 − 𝑡2

√1 − 𝑐2 + √1 − 𝑡2
]
−0.9

0.9

} 

                      = −15.9507𝑐17 + 80.917𝑐15 − 187.175𝑐13 + 269.998𝑐11 
                            −285.2952𝑐9 + 247.8370𝑐7 − 189.48924𝑐5 + 126.663107𝑐3     

− 63.34340835𝑐 + 1.24181𝑐15 − 5.65799𝑐13 + 11.68508𝑐11

− 15.06605𝑐9 + 14.36167𝑐7 − 11.317907𝑐5 + 7.6092977𝑐3

− 3.807433999𝑐 + 0.168421𝑐13 − 0.679521𝑐11 + 1.233708𝑐9

− 1.400012𝑐7 + 1.181594𝑐5 − 0.8077474𝑐3 

                 +0.404980206𝑐 +
0.78460180983732123940

𝑐2−0.81
−

𝑐

√1−𝑐2
𝑙𝑛 |

0.9√1−𝑐2−𝑐√1−0.92

0.9√1−𝑐2+𝑐√1−0.92
|        (60) 

Approximate solution for 𝑁 = {5,10} is illustrated in the following tables.  
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𝑁 𝑐 ∈ (𝑦, 𝑧) Exact solution AQS (38), for 𝑟 = 1 Absolute error 

 

 

 

5  

 -0.8999   15884.554833152305273   15884.838478840740161   0.283645688434888  

 -0.5961   7.7351364933288352075   7.7382576206619290187   0.031211273330938112  

 -0.0121   0.2097382186650955359  0.3578644715655138761  0.1481262529004183402 

 0.0121   -0.2097382186650955358  0.03276741895907490161  0.2425056376241704374 

 0.5961   -7.7351364933288352075   -7.5302355131611660810   0.2049009801676691265  

 0.8999   -15884.554833152305274   -15884.798913210793020   0.244080058487746  

𝑁 ∉ (𝑦, 𝑧) Exact solution AQS (38), for 𝑟 = 2 Absolute error 

  

5  

 -0.901   -1543.0324180398803894   -1542.7502240225545903   0.282194017325799181  

 -0.999   -1.0171534671885602186   -.99237056208652672090   0.0247829051020334977 

 0.901   1543.0324180398803894   1542.7892646964716174   0.2431533434087720  

 0.999   1.0171534671885602471   0.99331025704250122617   0.0238432101460590209 

Table  2: Numerical results of HSIs (5) with 𝑤1(𝑡) = √1 − 𝑡2 for 𝑁 = 5. 

𝑁 𝑐 ∈ (𝑦, 𝑧) Exact solution AQS (38), for 𝑟 = 1 Absolute error 

 

 

 

10  

 -0.8999   15884.44438899821518  15884.55483315230596  0.11044415409077921 

 -0.5961   7.451110979092140179   7.7351364933288352073   0.0284025514236695028 

 -0.0121   0.196552383281141388  0.2097382186650955359  0.0131858353839541478 

 0.0121   -.1965523832811413881  -.2097382186650955358   0.0131858353839541477 

 0.5961   -7.451110979092140179  -7.735136493328835207   0.0284025514236695028  

 0.8999   -15884.42423318385134   -15884.55483315230596   0.130599968454619  

𝑁 𝑐 ∉ (𝑦, 𝑧) Exact solution AQS (38), for 𝑟 = 1 Absolute error 

 

10  

 -0.901   -1543.162221258282229   -1543.032418039880386  0.123803218401843233  

 -0.999   -1.029342300107515805   -1.017153467188560232   0.0121888329189555730  

 0.901   1543.162221258282229   1543.0324180398803859   0.1238032184018432  

 0.999   1.029342300107515805   1.0171534671885602461   0.0121888329189555588  

Table  3: Numerical results of HSIs (5) with 𝑤1(𝑡) = √1 − 𝑡2 for 𝑁 = 10. 

 

Example 3: Consider the HSIs of the form  

𝐻2(ℎ, 𝑐) =
1

𝜋√1−𝑐2
∫

√1−𝑡2ℎ(𝑡)

(𝑡−𝑐)2
𝑑𝑡

0.9

−0.9
 (61) 

where ℎ(𝑡) =
10𝑡

1+𝑡2
. Exact solution of Eq. (61) is  

𝐻2(ℎ, 𝑐) =
1

𝜋√1 − 𝑐2
[−
25.402166434635424044𝑐

(𝑐2 + 1)2
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                +
1

(𝑐2 + 1)2(𝑐2 − 0.81)√1 − 𝑐2

+√1 − 𝑐2(−36944762501566𝑐3 + 44.12655038432461) 

                +
−30𝑐4+34.3𝑐2−8.1

√1−𝑐2
𝑙𝑛 |

0.9√1−𝑐2−𝑐√1−0.92

−0.9√1−𝑐2−𝑐√1−0.92
|] (62) 

To find the approximate solution we choose 𝑁 = 5 and use AQS (64). From (6), it follows that  

ℎ(𝑡) ≅ 𝑃2,5(𝑡) = ∑
5
𝑚=0 𝑎2𝑚𝑈𝑚(𝑡). 

Due to orthogonality conditions, we have  

𝑎20 = 0, 𝑎21 = −40√2 + 60, 𝑎22 = 0, 𝑎23 = 240√2 − 340, 

𝑎24 = 0, 𝑎25 = −1400√2 + 1980. 

In order to find the coefficients of 𝑏𝑘,2, we use the recurrence relation (13) which yields  

𝑏20 = −22400√2𝑐
4 + 31680𝑐4 + 18720𝑐2√2 − 2680𝑐2 − 1960√2 + 2780, 

𝑏21 = −11200√2𝑐
3 + 15840𝑐3 + 6560𝑐√2 − 9280𝑐, 

𝑏22 = −5600𝑐
2√2 + 7920𝑐2 + 1880√2 − 2660, 

𝑏23 = −40𝑐(70√2 − 99), 

𝑏24 = −1400√2 + 1980, 
𝑏25 = 0. 

So that by putting the values of 𝑏2𝑗 and calculating integrals in Eq. (48) we arrive at  

𝐻2𝑁(𝑓, 𝑦, 𝑧, 𝑐) =
1

𝜋√1 − 𝑐2
[9.775250044𝑐3 − 17.9093018933𝑐 − 0.12046718917𝑐 

       +
7.84601809837321𝑐

(𝑐2 + 1)(𝑐2 − 0.81)
(
10√−𝑐2 + 1

𝑐2 + 1
−

10𝑐2

√−𝑐2 + 1(𝑐2 + 1)
−
20𝑐2√−𝑐2 + 1

(𝑐2 + 1)2
) 

       × 𝑙𝑛 |
0.9√−𝑐2+1−0.43588989435406735522𝑐

−0.9√−𝑐2+1−0.43588989435406735522𝑐
|]. (63) 

We have the following tables for 𝑁 = {5,10} to illustrate the numerical results. 

 

𝑁 𝑐 ∈ (𝑦, 𝑧) Exact solution AQS (48), for 𝑟 = 2 Absolute error 

  

5  

 -0.8999  15775.40023417081857 15775.99211049900534 0.59187632818676623 

 -0.5961  11.90568247269098462 12.15840661577127353 0.252724143080288913  

 -0.0121  0.344893209594347437  0.419431007128060391 0.0745377975337129535 

 0.0121  -0.3448932095943474365   -0.213466890190204709  0.1314263194041427275 

 0.5961  -11.905682472690984621  -11.988294275144089341   0.082611802453104720  

 0.8999  -15775.400234170818575  -15776.882434008911085   1.482199838092510  

𝑁 𝑐 ∉ (𝑦, 𝑧) Exact solution AQS (48), for 𝑟 = 2 Absolute error 

   -0.901  -15879.854298722082411  -15878.260938214010282   1.593360508072129  
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5   -0.999  -170.91984259846625914  -169.83529356167509888   1.0845490368116026  

 0.901   1618.5985301693003358   1617.1078118275591842   1.4907183417411516  

 0.999   170.91984259846625913   169.58311243636870097   1.3367293621755816  

Table 4: Results of HSIs (11) with 𝑤2(𝑡) =
1

√1−𝑡2
 for 𝑁 = 5 

𝑁 𝑐 ∈ (𝑦, 𝑧) Exact solution AQS (48), for 𝑟 = 2 Absolute error 

  

10  

 -0.8999   15775.40023417081857 15775.33014487538023  0.070089295438347  

 -0.5961  11.90568247269098462 11.86073534246962517  0.044947130221359448  

 -0.0121  0.344893209594347437  0.3435474308856477838  0.0013457787086996528 

 0.0121  -0.344893209594347437  -0.3435474308856477838  0.0013457787086996527 

 0.5961  -11.905682472690984621  -11.860735342469625173   0.044947130221359448  

 0.8999  -15775.400234170818575  -15775.330144875380227   0.070089295438348  

𝑁 𝑐 ∉ (𝑦, 𝑧) Exact solution AQS (48), for 𝑟 = 2 Absolute error 

  

10  

 -0.901  -1618.5985301693003358  -1618.6686246875732987   0.0700945182729629  

 -0.999  -170.91984259846625914  -171.53441737282355402   0.61457477435729488  

 0.901  1618.5985301693003358   1618.6686246875732987   0.0700945182729629  

 0.999  170.91984259846625913   171.53441737282355402   0.61457477435729489  

Table  5: Numerical results of HSIs (11) with 𝑤2(𝑡) =
1

√1−𝑡2
 for 𝑁 = 10 

From the Table 2-5, we can conclude that error of proposed method decreases gradually when number 

of points are increases. One of the features of the problem is that when the singular point “x” 

approaches to the end points then values of the HSIs drastically increases fortunately proposed method 

also approaches to the exact solution very well.  

 

5.  Conclusion 

In this paper, we have constructed AQS based on Gauss-Chebyshev quadrature rule using 

truncated series of Chebyshev polynomials of the first and second kind, for the weighted Hadamard 

type singular integrals on the variable and fixed interval. We have also found the formulas for unknown 

discrete coefficients by the use of collocation points and composite trapezoidal rule. Numerical 

examples showed the validity and accuracy of the methods. One of features of the developed method 

is that error term decreases gradually whenever function is in the form of rational function. For 

polynomial function approximate solution coincides with the exact solution. 
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