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ABSTRACT

The paper addresses computer systems for the recognition of discrete objects encoded
by binary and bipolar feature vectors. It is shown that the well-known Hamming
neural network, which uses the scalar product of bipolar vectors and the Hamming
distance for recognition, does not allow the application of more refined similarity
functions when object features are binary-encoded. Modifications of the network
architecture are proposed, implementing computing systems for evaluating object
similarity using the Jaccard, Russell-Rao, Sokal-Michener, Kulczynski, and Yule
functions. Neuron and neural block structures are developed that ensure data
transmission between the network's layers and perform diagnostics of systems for
determining the operability of recognition algorithms through the parallel computation
of match/mismatch variables for the features of compared binary vectors. A numerical
example is given, confirming the correctness of the proposed computer tools for
classification. It is shown that the developed approach extends the scope of application
of neural-network-based computer systems for recognition and makes it possible to
synthesize networks that determine several equally valid solutions simultaneously.

1. Introduction

The scalar product of vectors is often used in solving a variety of problems involving the
determination of affinity (similarity or relationship) between different binary objects. In particular,
the Hamming neural network [1 — 3], which uses the DB scalar product of two bipolar n-bit vectors

D=(dy,....d,), B=(by,..., b,

n
DB = db, =8, —r=2a,-n 1)

k=1

where a,, is the number of identical bipolar components in vectors D and B; r is the Hamming

distance between vectors D and B (the number of distinct components in the vectors under
consideration) a,, +r=n, used in black-and-white image recognition based on the number of

matching bipolar components, taking the Hamming distance into account
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The number of identical bipolar components in the vectors can be regarded as a measure of
similarity between these vectors. For identical vectors, this measure of similarity reaches a
maximum value equal to the number of binary bits in the vectors being compared. The similarity
measure takes its minimum value, equal to zero, when the vectors being compared do not share a
single binary bit with identical components.

The concept of the Hamming distance and measures of similarity (2) is based on the number of
mismatched or matching bits in the binary vectors being compared. However, in [4 — 10], it is noted
that a more refined classification can be introduced for the compared binary vectors using the
special Table 1 when binary encoding the vectors D=(d,,...,d,), and B=(b,...,b,), which

contain the encoded features of certain compared objects.

Table 1
Relationship between the features of a pair of objects (binary vectors)
D\B 1 0
1 a e
0 f b

The variable a in Table 1 is introduced to calculate the number of features (the number of
components of binary vectors that are 1) that are present in both objects D and B simultaneously. It
is calculated using the following formula:

a=>db, (3)

The scalar product (3) of the binary vectors D and B is used to compute the similarity parameter
(a measure of similarity between binary vectors) in the ART-1 discrete neural network [1, 2].
However, using only the nonzero components to assess the similarity of two binary vectors
significantly limits the ability to make a more nuanced comparison of these vectors. To do this,
knowledge of the variables b, f, and e (Table 1) is required.

The variable b in Table 1 is used to count the number of features (the number of zero
components in the vectors) that the objects under consideration do not simultaneously possess

b=3(1-d,)a-b,) @
v=l

The variable f is used to count the number of attributes that object (vector) B has but object D
does not. The variable e, on the other hand, is used to count the attributes that object B does not
have but object D does:

£ =3 (-d,)h, (5)
v=1

e=Y'd,(1-b,) (6)
v=1
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An analysis of relations (3) — (6) shows that the measure of similarity between objects D and B
increases as the affinity function a increases. The same cannot be said unequivocally about function
(4), since the mere absence of identical features among objects can indicate either similarity
between the objects or their belonging to different classes (when this is the only property they
share). With regard to functions (5) and (6), it can be said that the measure of similarity between
objects D and B is symmetric with respect to these functions.

Various combinations of functions (3) through (6) yield a wide range of affinity functions for
binary vectors (objects whose presence or absence of features is encoded by binary components) [4
— 10]. Here are some of them:

Russell-Rao affinity function:

a a

S = =
Y at+b+f+e n 0
Jaccard affinity function:
a a
S = =
* a+f+e n-b ®
Sokal-Michener affinity function:
a+b
S,=—— 9
5= ©)
Kulczynski 1 and 2 affinity functions:
Sy =—2 10
Y fte (10)
__a @ 1
° 2(a+e) 2(a+f) (1)
Dice affinity function:
a
Sg=———
® 2ate+f (12)
Yule affinity function:
_ab—ef 13
" ab+ef (13)

Here is the research gap. Despite the effectiveness of the Hamming neural network for bipolar-
encoded objects, it cannot be applied directly when the components of the compared objects are
encoded with a binary (0/1) alphabet, nor can it evaluate affinity using functions such as Jaccard,
Sokal-Michener, Kulczynski, and others. The large number of such affinity functions indicates the
absence of a single universal function, and there are no generally accepted recommendations for
choosing among them. This motivates the need for a systematic method of synthesizing neural
networks that can compute arbitrary affinity functions for binary-encoded objects and, optionally,
return several solutions.

The aim of this work is to develop modifications of the Hamming neural network that make it
possible to solve recognition problems for discrete objects whose components are described using
binary components, and where affinity functions of the form (7) — (13) serve as the proximity
measure.
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2. Methods
2.1 Hlustrative comparison of the affinity functions

To characterize the behaviour of the affinity functions, we first perform a numerical experiment.
Example 1. Using the affinity functions (3) — (13) and the Hamming distance r, we compare
three pairs of vectors D and B:
D=(1101110001);
B=(1010111001);
D=B=(1101110001)andvectorsDandB; =(0010001110). The results of the
calculations are presented in Table 2.

An analysis of Table 2 shows that the affinity functions S, — S, behave similarly:

— they take on minimum values for vectors with opposite binary components;

— they take on maximum values for pairs of identical binary vectors;

— if the vectors being compared are neither identical nor have opposite components, then the
affinity functions S, — S, take on values between their maximum and minimum values.

The Hamming distance behaves, in a sense, in the opposite way—it takes on its minimum value
for identical binary vectors and its maximum value for vectors that do not share a single identical
binary bit.

Affinity functions are not limited to the relations (3) — (13) [4 — 10]. The large number of these
functions indicates that there is no single universal function suitable for comparing any binary
vectors with binary-coded components. Nor are there any universally accepted recommendations
for the application of known functions.

Table 2

Values of the affinity functions for various pairs of vectors
Case alble | f|S1|S|S3|Sa|Ss|[Se|S7|T
Values of
similarity functions
for vectors D and

4 12|12 |2|04/05|06] 1 |2/3[1/3[05| 4

B.

Similarity function

valuesforld_entlca_l 61alololos 0,7 11| 1]05/1]0
vectors D = B = 5

(1101110001).

Similarity function
values for vectors

DandBlwithOO640000001(1)
opposite
Components.

The choice of an affinity function is typically made by analyzing the results of computer
simulations in feature space, encoded by binary components.

2.2 Reference architecture: the Hamming neural network

Hemming’s neural network [1 — 3]. It has n input neurons S,,..., S, (Fig. 1), which receive
information about the bipolar components of the input images D% =(d,...,d%), g =1, L. The
output signals of the S-elements replicate their input signals: Upyrs;, = Uinputs;, = dl, i =1,n. Each

element of the S-layer is connected to each neuron of the Z-layer (Fig. 1). The weights (
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Wi, Wy, ..., Wy, ) Of the connections of neuron Z, (p=1,m) contain information about the p-th

reference image: BP =(b/,....b): wi, =bP/2,...,w,, =bP /2, where the superscript in the

connection weights indicates the layer of Z-neurons.
The activation functions of the elements of the Z-layer are given by:

Oa if Uinput <0,
gZ(Uinput) = klUinput' if 0 < Uinput < Un’ (14)
Un» if Uinput > Un;

where Uiy, is an input signal of a neuron of Z- layer; k,, U, are constants.

Wy T

,2
Wi

Fig. 1. The Hamming Neural Network

When an image D" =(d,, ..., d.) is fed into the neural network, each Z-element determines its
input and output signals according to expressions of the form (2) and (14):
Uinputh =n/2+ 22?=1 Wipd;’

Uouth = gz(Uinputh) =ap, P =1,_m.
The output signals from the neurons in the Z-layer are fed to the corresponding inputs of the
elements in the A-layer (Fig. 1), which have activation functions described by the equation

Uinputp' if Uinputp >0,
Uoutap = g(Uinputp) = 0, if Upppuep <0, p=1, m
s inputp — Y 4 )

The weights of the connections between neurons in layer A are determined by the ratio

L (L if i=),
Vi T =g, if i#j, ij=1, m
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where ¢ is a a constant that satisfies the expression 0<g<1/m.
The layer of A-neurons operates cyclically, and the output signals of its elements are described
by the relationship

Uoutaj (t+1)= g(UoutAj (t)—¢ Z;)n=1, p#j UoutAp(t))v j=1m
under initial conditions Uinpuea;(0) = a;, j=1m.
If there is a single largest input signal among the input signals a, (p =1, m), then as a result of
the iterative process, only one neuron A; will have an output signal greater than zero. Since the

output signals of the elements in layer A are fed to the inputs of the neurons in layer Y, which have
activation functions of the form

1, if Upppye > 0,
gY(Uinput) - {0, if Uinput < 0’

then the output of the Hemming network will consist of only one neuron Y; with a unit output
signal. This signal indicates that, in terms of image similarity (2), the input image D" =(d,,...,d.)
is closest to the reference image BJ = (b/, ..., bJ).

2.3 Modular representation and the proposed synthesis method

Hemming's neural network can also be represented in a more general form (Fig. 2).

The layer of output Y-neurons

| A
UoutA1 .. UoutAp e UOUtAn

[}

A neural network that extracts the maximum
signal (Maxnet)

[} ) |

a . a1 ... a,

A neural network that calculates the measure of

similarity between the input and reference

O O O
d; d5 &, d,

(inputimage D" =(d;, d;,...,d, ....d;)
Fig. 2. Block diagram of the Hamming neural network

This representation of the Hamming neural network shows that the two main blocks of the
network can be modified independently of one another. In particular, instead of a Maxnet, a neural
network that identifies several identical maximum signals can be used. This makes it possible to
find reference images that are all at the same minimum distance from the input [3, 11]. It also
follows from the network architecture (Fig. 2) that the block calculating the measure of proximity
between the input and reference images can compute various measures of proximity. The relative
independence of the main blocks in the Hamming neural network makes it possible to propose
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neural networks both for working with binary images (vectors) and for using various affinity
functions of the form (7) — (13) between the input and reference binary images.
In the Hamming neural network (Fig. 1), the scalar product of two binary vectors

D =(d,...,d;), B =(b,...,b,) iscomputed as follows:

DB=Zn:dibi =(a+b)—(f +e) (15)

i=1

where a, b, f, and e are variables defined by equations (3) — (6), with vector D being the input vector
and vector B being the vector of neuron connection weights used to compute the scalar product.
Since (a+b)+(f +e)=n, we can derive from (15) that

n
i=1
or

@by ="+ 13 ap,
2 24t

In a Hamming neural network, the value of the expression (a + b) is computed using a single
neuron (Fig. 3). In the case of binary encoding of object features or binary vectors, it is not possible
to use a Hamming network to compute the scalar product of two vectors. Most of the affinity
functions (7) — (13) cannot be computed using a single neuron either. To compute these functions,
one must first determine functions (3) — (6) using separate neurons and then use them to compute
the affinity functions (7) — (13).

b 12 b, /2 b, /2
d, d, d,
Fig. 3. A neuron for computing the scalar product of two bipolar vectors in a Hamming neural
network;
n/2, b/2, b,/2, ..., b,/2 are the neuron’s connection weights; d,, d,, ..., d, are the

components of the input vector.
Figure 4 shows a neuron for computing the variable a. The neuron’s G; input signals are
determined by the components of the binary vector D, and the connection weights are determined

by the components of the binary vector B =(b, , ..., b,). Figure 5 shows a block for computing the

variable b (Equation (4)). In this block, using the summing elements >, ..., >, the input signals
(1-d;), @-dy,), ..., @d—d,) of neuron G, are first computed; these are then multiplied by the

corresponding weight coefficients (1-b;), (1-b,), ..., (1—b,) and subsequently summed by the
element G, . This leads to the computation of Equation (4). If, in Fig. 5, the input signals d, , d,,

..., d,are applied to the inputs of neuron G, instead of the signals (1-d,), (1-d,), ..., 1—-d,)
computed by the summation elements, then neuron G, will compute the variable e (Equation (6)).
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To compute the variable f (Equation (5)) in Fig. 5, it suffices to replace the weight coefficients
(1-by), @-b,), ..., 1—b,)with the corresponding weight coefficients (b, ,...,b,).

Fig. 4. A neuron for computing the variable a; by, b,, ..., b, are the neuron’s connection weights;
d,, d,, ..., d, are the components of the input vector.

Given neurons or neural components for computing the variables a, b, f, and e, it is
straightforward to derive neural networks for computing any of the affinity functions (7) — (13). Let
us consider the most complex of these — the Kulchinsky 2 affine function. The neural network for
calculating the proximity measure between the input and reference images is shown in Fig. 6.

Similarly, a neural network can be synthesized to compute any other affine function from the
given list. In particular, Fig. 7 shows a neural network for computing the Yule affine function
(equation (13)).

o) O l ©) O O
1 1

Fig. 5. A neuron for computing the variable b . The following notation is used in the figure: (1-b,),
(1-b,), ..., (1—Db,) are the connection weights of the neuron ; G,; 2, ..., 2, are summing
elements for computing the G, neuron’s input signals.
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a/2(a+e) 4 * a/2(a+f)
| |
A |
2(a+e) 2(a+f)
z >
i
! i -
a b e f
(VYY) ['YYY) [YYY) 1\ (YY)
@) O @)
d, d, - d, . d

Fig. 6. Neural network computing the Kulchinsky function 2.

S7

T(ab—ef)/(ab+ef)

'Y
ab+ef ab—ef
| |
Z 2z
A [
ab ef
X X
A }
— |7 |
a b e f
YY) i [YYY! Y]
@) O @)
d, d, . d, d

Fig. 7. Neural network that computes the Eul's affinity function.
3. Results
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The numerical experiment (Example 1, Table 2) yields the following primary findings on the
behavior of the affinity functions S1 — S7:

- they attain their minimum values for vectors with opposite binary components.

- they attain their maximum values for a pair of identical binary vectors.

- for vectors that are neither identical nor opposite, S1 — S7 take intermediate values between
their maxima and minima.

In contrast, the Hamming distance behaves oppositely: minimal for identical vectors and
maximal for vectors sharing no identical digit.

The affinity functions are not exhausted by (3) — (13) [4 — 10]; their large number indicates the
absence of a single universal function, and there are no generally accepted recommendations for
their application. In practice, the affinity function is chosen through computer simulation in the
binary-encoded feature space.

The methodological results form a complete constructive synthesis procedure:

- elementary blocks compute a (Fig. 4), b, e, f (Fig. 5) directly from binary inputs;

- composite networks realize complex functions: Kulczynski 2 (Fig. 6, S5) and Yule (Fig. 7, S7);

- the modular architecture (Fig. 2) permits independent substitution of both the similarity-
measure block (any of S1 — S7) and the Maxnet block (several solutions).

Thus, networks were obtained that operate directly on binary vectors and evaluate a broad family
of affinity measures, whereas the original Hamming network is restricted to bipolar encoding and
the similarity of Eq. (2).

4. Discussion

The results confirm and extend prior work [4 — 7] on the diversity of affinity measures for binary
objects. Whereas the standard Hamming network [1 — 3] relies solely on the bipolar scalar product
and effectively on a single criterion (Eq. 2), our modular reinterpretation (Fig. 2) reveals that the
proximity-measure block and the decision block are functionally decoupled — the key insight
enabling direct realization of the whole family S1 — S7.

Comparison with the Hamming distance (Table 2) clarifies why the bipolar network cannot be
reused for binary encoding: the Hamming distance and the affinity functions respond in opposite
directions, and functions such as Jaccard (8), Sokal-Michener (9), Kulczynski (10) — (11), Dice (12)
and Yule (13) require the joint quantities a, b, e, f, which the single scalar-product neuron (Fig. 3)
cannot produce. Our method resolves this by materializing a, b, e, f as separate blocks (Figs. 4 — 5)
and composing them with adders, multipliers and dividers (Figs. 6 — 7), generalizing the ART-1 use
of the binary scalar product [1, 2] far beyond the single feature a.

Replacing Maxnet by a network isolating several equal maximal signals [3, 11] allows reporting
multiple equidistant reference images — particularly relevant since different measures can produce
ties.

A recognized limitation, consistent with [4 — 10], is that no single affinity function is universally
optimal; the choice remains task-dependent and is settled through simulation. The proposed method
does not remove this need but provides a uniform, replicable way to instantiate whichever function
is selected, lowering the cost of experimentation.

5. Conclusions

The Hamming neural network is an effective tool for recognizing and classifying discrete objects
encoded with a bipolar alphabet, where the proximity measure is the difference between the number
of identical bipolar components and the Hamming distance. However, it cannot be applied under
binary encoding, nor can it evaluate affinity using the Jaccard, Sokal-Michener, Kulczynski and
similar functions.

To overcome this, a method for synthesizing neural networks that assess binary-vector proximity
using these affinity measures has been developed. Building on elementary blocks that compute a, b,
e, f, the method constructs networks for arbitrarily complex functions, as demonstrated for
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Kulczynski 2 (Fig. 6) and Yule (Fig. 7). This extends the applicability of neural networks to tasks
relying on finer proximity features of binary-encoded objects.

Moreover, because the modular architecture allows Maxnet to be replaced by a network that can
determine several solutions (when they exist), it is possible to synthesize networks returning a
predefined number of solutions. The main significance of the study is twofold: it broadens the class
of similarity criteria realizable by Hamming-type networks, and it provides a uniform, replicable
synthesis procedure for both the proximity-measure and the decision stages.
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