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The main goal of this work is to prove a number of reduction formulas for the first 

Lauricella function, i.e. to determine the set of those numerical parameters for which 

the hypergeometric function is expressed in elementary functions. Currently, tables of 

partial values for Appell functions of two variables are known; however, these 

formulas are insufficient for applications, and therefore, it is necessary to establish 

more general relations for hypergeometric functions whose number of variables 

exceeds 2. In the first part of the work, we will prove new reduction formulas for the 

Lauricella function of three or more variables, generalizing previously known results. 

The second part of the paper is devoted to applying the obtained reduction formulas to 

the study of the properties of solutions to the Dirichlet and Neumann problems for the 

Laplace equation and a singular elliptic equation. The main result of this study is that, 

using reduction formulas for hypergeometric functions, it is proven that the solutions 

to the Dirichlet and Neumann problems for elliptic equations with vanishing singular 

coefficients coincide with the solutions to similar problems for the Laplace equation. 

 

 

1. Introduction 

It is well known  [1,2]  that the solution of a wide variety of problems related to heat 

conduction and dynamics, electromagnetic oscillations and aerodynamics, quantum mechanics, and 

potential theory leads to special functions. They most often arise when solving partial differential 

equations using separation of variables or the Green's function method. The diversity of problems 

leading to special functions has led to a rapid increase in the number of functions used in 

applications. 

The great success of the theory of hypergeometric series in one variable has stimulated the 

development of a corresponding theory in two and more variables. Appell [3] has defined, in 1880, 

four double series  1F  to 4F , which are all analogous to Gauss' ( , ; ; )F a b c z . Following the 

Appell's work, Lauricella [4] has defined, in 1893, four hypergeometric series 
( ),n
AF ( )n

BF , 
( )n

CF   

_______ 

* Corresponding author. T.G.Ergashev 

E-mail addresses: ergashev.tukhtasin@gmail.com 

 

 

mailto:ergashev.tukhtasin@gmail.com


11 

and  
( )n
DF , which are natural generalizations of the classical Gauss hypergeometric function F  and 

the Appell functions 1 4F F  to the case in n  complex variables and the corresponding complex 

parameters. 

The Appell and Lauricella hypergeometric functions play an important role in mathematical 

physics. In particular, solutions to a number of boundary value problems for singular elliptic 

equations  are given in terms of the Appell hypergeometric function 2F  [5,6]   and the Lauricella 

hypergeometric function 
( )n
AF [7,8,9,10]. Under exceptional circumstances, multiple 

hypergeometric functions can be expressed in terms of simpler functions, notably in terms of 

hypergeometric functions of one variable or, in general, with fewer variables or in terms of 

elementary functions. In such cases we speak of reducible hypergeometric functions and of 

reduction formulas.  Certain trivial reduction formulas are obvious: for example, if one of the two 

variables is zero in any of the double series, the hypergeometric series in two variables can be 

expressed in terms of series in one variable: such trivial reductions are disregarded in the sequel. 

The monographs [11, 12, 13] contain a systematic exposition of summation, reduction, and 

transformation formulas, as well as various other developments, covering not only each of the four 

Appell functions, but also several families of functions in two variables. Furthermore, the works 

[14] and [15] compiled an extensive tables of reduction formulas for the  double Appell  2F  and 

triple Lauricella  
(3)
AF  functions, respectively. 

In this paper, for the first time, reduction formulas are established for the Lauricella 

hypergeometric function 
( )n
AF  in n  variables and the results obtained are applied to the study of 

the properties of solutions of the Dirichlet and Neumann problems for the Laplace equation and the 

elliptic equation with singular coefficients in the infinite parts (half-space, quarter-space, half-

quarter-space, in general, 1/2 -part of space) of m -dimensional Euclidean space. 

 

2.Reduction formulas for Gauss and Appell functions at zero parameter values 

  

The Gauss hypergeometric function is defined inside the circle | |<1z  as the sum of the 

hypergeometric series [12, p. 109, eq. 2.8(1)] 

=0

, ; ( ) ( )
( , ; ; ) = ,

; ( ) !

n
n n

n n

a b a b z
F a b c z F z

c c n

 
  

 
                                     (1) 

and for | |>1z , as its analytic continuation. Here ,a b  и 0\c  ;    1
0 := 0, 1, 2,... ,    

and the expression ( )n  denotes the Pochhammer symbol: 

0( ) :=1, ( ) := ( 1)...( 1)n n       ,   ,  n , written through the gamma function 

( )  in the form ( ) = ( ) / ( ), {0} ;n n n       is the set of natural numbers. 

In general, an extensive table is known [16, Chapter 7, Section 7.3], in which the 

hypergeometric function for certain particular values of numerical parameters is written in terms of 

elementary functions, for example, 

 
1

1,1;2; = (1 ) 1 , 0,aF a z z a
az

       (2) 

 
1

1,1;2; = ln(1 ).F z z
z

   (3) 

The Appell hypergeometric function 2F  has a form [12, p. 224, eq. 5.7(7)] 
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 

   

   

2 2

, =0

, , ;
, , ; , ; , ,

, ;

( )
= , | | | |< 1,

! !

m n
m n m n

m n m n

a b b
F a b b c c x y F x y

c c

a b b x y
x y

c c m n




 
     







          (4) 

where , ,a b b  and 0, \c c  . 

J.Murley and N.Saad [14] compiled an extensive tables of the Appell functions 2F . Let us list 

some of them that we need to continue our research: 

2

2,1,1; 1 1 1 1
, = 1 , 0, 1,

2,2; ( 1) (1 ) (1 ) (1 )a a a

a
F x y a

a a xy x y x y

   
      

       
 (5) 

 2

1 (1 )(1 ) 1
2,1,1;2,2; , = ln ln 1 .

1 1

x y xy
F x y

xy x y xy x y

  
  

    
 (6) 

However, the table [14] of Appell functions  2 , ,1; ,2; ,F a b c x y  cannot claim to be 

complete in this direction, because in applications of the Appell function 2F  it is necessary to 

calculate the values of this function, i.e. to express it in elementary functions, when some of its 

parameters, which are in the numerator and denominator, simultaneously tend to zero. 

Hypergeometric functions can be expressed through elementary functions when the same 

number of parameters of the numerator and denominator are simultaneously equal to zero. 

The following reduction formulas are valid: 

 
0

1
, ; ; = (1 ) 1 , 0.lim

a

b

F a b kb x x k k
k





       (7) 

 
0

, ; ; = (1 ) , 0, 0.lim
a

b

F a b kb x x k    



       (8) 

Reduction formulas (5) – (8) can be proved by comparing coefficients of equal powers of  

variables on both sides.  

Theorem 1.  For  | | | |<1,x y  the Appell function 2F  is given by  

 2 = =0
, , ; , ; ,

b b
F a b b kb k b x y


    

1 1 1 1
= ( 1)( 1) ,

(1 ) (1 ) (1 )a a a

k k
k k

kk x y x y

  
          

0, 0;k k   (9) 

 2 =0
1,1, ;2, ; ,

b
F a b kb x y  

1 1 1 1
= 1 ,

(1 ) (1 ) (1 )a a a

k
k

akx x y x y

 
     

    
0a  , 0k  ;      (10) 

 2 =0

1 1
1,1, ;2, ; , = ln(1 ) ln 1 .

1b

xy
F b kb x y x

x kx x y

 
    

  
 (11) 

Proof.  The well-known Burchnall-Chaundy expansion [17] 

 

2
=0

, , ; , ; , ;( ) ( ) ( )
, =

, ; ; ;!( )( )

n nn n n

n n

a b b a n b n a n b na b b
F x y x y F x F y

c c c n c nn c c

         
             

   

allows one to easily derive the reduction formula (9). Indeed, 
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  2 , , ; , ; , = ( , ; ; ) ( , ; ; )F a b b kb k b x y F a b kb x F a b k b y       

 ( 1, 1; 1; ) ( 1, 1; 1; )
a

xyF a b kb x F a b k b y
k k

        


 

 
2 2( 1)( 1)( 1)

( 2, 2; 2; )
2 ( 1)( 1)

a a b b
x y F a b kb x

k k kb k b

  
    

    
 

 ( 2, 2; 2; ) ....F a b k b y        (12) 

Next, passing to the limit in both parts of equality (12) as 0b  and 0,b by virtue of 

the formulas (7) and (8), after reducing similar ones, we obtain the reduction formula (9). 

Applying the formula (7) to the expansion [16, p. 413, eq. 6.7.1(4)] 

 2
=0

( ) ( )
, , ; , ; , = ( , ; ; ), 1

!( )

nn n

n n

a b
F a b b c c x y y F a n b c x x y

n c

 
    


  

for =1,b  = 2c , and passing to the limit as 0,b  we obtain the required formula (10). 

Formula (11) follows directly from the reduction formula (3).  Theorem 1 is completely 

proven. 

 

3.Reduction formulas for the multiple Lauricella function
( )n
AF  

We introduce a following notation:  

     1 1 1:= ,..., , := ,..., , := ,..., ;n n nb b c c x xb c x 1 1| |:= ... , 0,..., 0.n nk k k k   k  

The Lauricella hypergeometric function 
( )n
AF  in n N   (real or complex) variables is 

defined as  [4] (see also [11, p.114]) 

  1( ) ( )
1

1

, ,..., ;
, ; ; ,...,

,..., ;

nn n
A A n

n

a b b
F a F x x

c c

 
  

 
b c x  

             | |
| =0 =1=1

( )
= ( ) , | |<1,

( ) !

k jn nj k j j

j
jj j k jj

b x
a x

c k

  
 
 
 

 k
k|

 (13) 

where  1, ,..., na b b  , 1 0,..., \nc c  . 

Clearly, in definition (13) we have 
(1)
AF F   and 

(2)
2,AF F  where F  and 2F  are  Gauss 

and Appell series defined in (1) and (4), respectively. 

Using the properties of the Pochhammer symbol, the Lauricella function 
( )n
AF  can be 

expanded into hypergeometric functions with fewer variables: 

  
 

 
 ( ) ( 1)

=0

( )
, ; ; = , ; ;

!

mnm n mnn nn n
A A n

m n nmn n

a b x
F a F a m

c m


   b c x b c x  (14) 

              
1

| |
| |=0 =1

( )
= ( ) | |, ; ; ,

( ) !

m jn j m j j

n n n
j j m jj

b x
a F a b c x

c m






 
  
 
 

 m
m

m  (15) 

 where       1 1 1 1 1 1:= ,..., , := ,..., , := ,...,n n nb b c c x x  
  b c x , 1 1| |:= ... nm m 

  m

. 

Theorem 2. For 
=1

| | | |<1,
n

j
j

x y  the function 
( 1)n
AF 

 in  1n   variables is given by  



14 

 
( 1) ( ) ( )1, ,1; , ; , ;1 1

, = ,
,2; ; ; 1(1 )

n n n
A A Aa

a a a
F y F F

ay yay y

      
      

     

b b b x
x

c c c
x  (16) 

where  0a  ; 1,..., nb b  , 1 0,..., \nc c  .  

Proof. Using expansions (14) and (15), the Lauricella function 
( 1)n
AF 

 in  1n   variables can 

be easily represented in the form 

 ( 1)
| |

| |=0 =1

( )1, ,1;
, = ( 1) 1 | |,1;2; .

,2; ( ) !

k jn j k j jn
A

j j k jj

b xa
F y a F a y

c k




  
    
    

 k
k

b
x k

c
 (17) 

Applying the well-known reduction formula  

 
1

1,1;2; = (1 ) 1 , 0,aF a z z a
az

       

to the right-hand side of (17), we obtain 

| |( 1) | |

| |=0 =1

( )( 1)1, ,1; 1
, = (1 ) 1 .

,2; | | ( ) !

k jn j k j jkn a k
A

j j k jj

b xaa
F y y

y a c k


  

  
            

 
k

b
x

c k
 

The last equality directly implies equality (16). Theorem 2 is proved. 

Corollary 1. If 0, 1,..., ( 1)a n    ; b , 0\c  , then the following reduction 

formulas  

 

   

| |
( 1)

{1,..., }

,1,...,1, ;
( 1) ( 1)

, = , ; ; ,
2,...,2, ; ( ) 11

n

s s
n

In
nn

A a
I nn n I

I
n

a n b
y

F y F a b c
c a x XX





 
    
        

 

x  (18) 

 
( )

1 1 1

( 1)
,1,...,1, ,..., ;2,...,2, ,..., ; ,..., =

( )

s
n

A s n s n n

s ss s

F a s b b c c x x
a x

 

  
     

 

 

| |
( ) 1

1 1
{1,..., }

( 1)
, ,..., ; ,..., ; ,...,

1 11

s

s s s
s

I
n s s n

A s n s na
I s I I

I

x x
F a b b c c

X XX

 
 



 
  

    
  (19) 

are valid.   

Here and below, nI  denotes any subset of the set of first n  natural numbers {1,2,..., },n  i.e., 

the right-hand sides of the reduction formulas (18) and (19) consist of  2
n

 and 2
s
 pieces of terms, 

respectively; =
n

n

I i
i I

X x


 , = 0X ; | |nI   is an element’s number of  set nI , | |= 0 ;  kx  is 

a product of the first k  variables of the Lauricella function  1 k n  . 

Examples. 

   

| |
( )

{1,..., }

( 1) ( 1)
,1,...,1;2,...,2; = ,

( ) 1

n

n
n

In
n

A a
I nn nn n I

F a n
a x X

   
     

x  (20) 

 
| |( )

{1,..., }

( 1) 1
,1,...,1;2,...,2; = ( 1) ln .

( 1)! 1
n

n n

n
In

A
I nn In n

F n
n x X

  
      

x  (21) 
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It should be noted that formulas (20) and (21) are natural generalizations of the reduction 

formulas (2), (5) and (3), (6), respectively. 

Theorem 3. For 
=1

| |<1,
n

j
j

x and 1 0k   ,..., 0,nk   the function 
( )n
AF is given by 

 

 
1( )

1

1 1 1 2=0

, ,..., ; 1 1
,..., = .

,..., ; ... 1n
n

nn
A n a

In n n
I

a b b
F x x

k b k b k k k X

 
 
  


b

 (22) 

Proof. We prove the reduction formula (22) by mathematical induction. Formula (22) is true 

for =1n  and = 2n  (see eq. (7) and (9), respectively). 

Let us assume that formula (22) is valid for any natural number n . We will prove that it is 

also true for 1n n  . We write the expansion (14) in the form 

1 1( 1)
1

1 1 1 1

, ,..., , ;
,

,..., , ;

n nn
A n

n n n n

a b b b
F x x

k b k b k b




 

 
 
 

 

 

 
1 1( )1

=0 1 11 1

( ) , ,..., ;
=

,..., ;!

s
s n nns n

A
s n nn n s

a b a s b bx
F x

k b k bk b s


 

 

 
 
 

  

 
 

 
11 1( ) ( )1 1

=11 1 1 11 1 1 1

( ) 1, ,..., ; , ,..., ;1
= .

,..., ; ,..., ;1 !

s
s nn nn ns n

A A
sn n n nn n n s

a ba b b a s b bx
F x F x

k b k b k b k bk k b s


  

   

    
   

   
  

Passing to the limit in the last expression as 0b  and 1 0nb   , by virtue of (22), we 

obtain 

1 1( 1)
1

1 1 1 1 =0, =01

, ,..., , ;
,

,..., , ;

n nn
A n

n n n n bn

a b b b
F x x

k b k b k b




 


 
 
  b

 

 

 
1

1
{1,..., } =11 2

1 1 ( )
= .

... ! 11n n
n

s

s n
na

I n sn I
I

a x
k

k k k s XX







  
   

     

   

Now, taking into account the easily verified equality

 
 

 
1

=1
1

1( )
= 1,

! 1 1

n

n

as

Is n
a

s I
I n

Xa x

s X X x






 
 

   
  

after several transformations, we have

 1
1

1 1( 1)
1

{1,..., 1}1 1 1 1 1 2 1=0, =01

, ,..., , ; 1 1
, ,

,..., , ; ... 1n
n

n nn
A n a

I nn n n n n nb b In

a b b b
F x x

k b k b k b k k k k X





   


 
 

  
  

which is what was required to be proved. Theorem 3 is proven. 

Theorem 4. Let s be a natural number (1 s n  )  and n  be the number of variables of the 

Lauricella function 
( )n
AF . For 

=1

| |<1,
n

j
j

x and  1 0sk    ,..., 0,nk   the function 
( )n
AF is given by 
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1

( )
1 1 1 1 0

...

=0

,1,...,1, ,..., ;2,...,2, ,..., ; ,...,
s

n
A s n s s n n n b

s s

bn

F a s b b k b k b x x


   

 
  

 

 

 
   

| |

{1,..., } { 1,..., }1

( 1) 1
= ( 1) .

( ) ... 1s n
s n

s
I

a
I s J s ns s s n

I J
a x k k X X  




  
   (23) 

Proof. Reduction formula (23) is proved by mathematical induction, similar to the proof of 

the reduction formula (22). 

 

4.Applications of the obtained results 

 

Let m  be  m -multidimensional Euclidean space ( 2m  ),   1: ,..., mx x x  be an 

arbitrary point in it, n  be a natural number, where  .n m  We define the 2n
th part of the 

Euclidean space m   as follows:  

 : 0, 1,..., ; , 1,..., .n
m m i jx x i n x j n m            

We consider the Laplace equation  
2

2
1

0
m

i i

u
u

x


  


                                                                   (24) 

and generalized singular elliptic equation  
2

( , )

2
1 1

2
( ) 0

m n
jm n

i j j ji

u u
L u

x xx




 

 
  


                                              (25) 

in ,  where  1: ,..., n    is a vector and j  are real numbers: 0 2 1,j  1,..., .j n  

In the case 2m  the detailed bibliography and exposition of studies of basic boundary value 

problems for equations (14) and (25) can be found un the monographs [18] – [20].  

In this paper we set 2.m   

We denote:  

1 1: 0, ..., 0, 0, 0,..., 0;
;

, 1,...,

i k k k n

k
j

x x x x x x
S

x j n m

      
  

      
 

 1 1 1 1: ,..., , ,..., ,..., ;k k k n m k mx x x x x x S       
2

1,
: ;

m

k ki i k
x

 
   

 1: ,..., ;m m      1 1 1 1: ,..., , ,..., ,..., ;k k k n m k mS             

 
2

1

;
m

j j
j

r x 


      
 

2 2

1,..., \

;
n

n n

I j j j j
j I j m I

r x x 
 

     .r r   

Dirichlet problem , .m nD
 Find a solution     2( )u x C C     to the Laplace equation 

(to the singular equation (25)), satisfying the conditions 

 =0( ) = ( ), , = 1, ,kx k k kk
u x x x S k n    ( ) = 0,lim

R

u x


   

where  k kx   are given functions such that    = , , > 0, =1, .k k k kx O k n       

 In addition, the functions  k kx  satisfy the concordance conditions 
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=0 =0( ) = ( ), ( ) = ( ) , , , =1, ,k j k k x j j xj k
x x k j k j n    0 0  1:= (0,...,0) .m0  

The solution  ( )
0
nu x  of the Dirichlet problem ,m nD

 for the Laplace equation (24) in   has 

a form [21] 

 
 

 
\

\ \

( )
0 /2

=1 0 0

1

/ 2 ( 1)
= ... ... ,

n k

n k n k

In
n

k k k km m
k I I

n m n

m
u x x d

r
  



   

 

 

 
                (26) 

and the solution  ( )nu x   of the Dirichlet problem  ,m nD
  for the singular elliptic equation (25) in 

  is also known [8]: 

      ( ) ( )
,

=1 0 0

1

= ... ... ; ,
n

n n
k k k k p

k

n m n

u x T x d    
   

 

 

      (27) 

where  

 

     

 

1( ) (1 2 )
,

2 1 1 1 1

1 1 1

, = 1 2

,1 ,...,1 ,1 ,...,1 ;
,

2 2 ,...,2 2 ,2 2 ,...,2 2 ;

n
k k k n k

n n k k nn
k A k

k k n

T x x

R F






   

    


   



   

 

 

    
  

    

 

  1 1 1 2

4
:= ,..., , ,..., , = , , =1, ,

j j

k k k n j

k

x
j k j n

R


          

 
   

 
2

/2
=1 =1

12
= , = 2 ;

2 2 2

nn
jm nn

n j n m
j j j

m
n

 
  

 


  
  
   

   

 
   

1 2 1(1 2 )

=1 =1,

= , = , 1 .
n n

j
j k k

j j j k

x x k n
  





   
  

   

Theorem 5. Let the functions  ( )
0
nu x  and  ( )nu x , defined by equalities (26) and (27), be 

solutions of the Dirichlet problems ,m nD
 for the Laplace equation (24) and the singular elliptic 

equation (25), respectively. Then the limit relation  

    
( ) ( )

0
0

( ) = ( )lim
n nu x u x


                                                      (28) 

is valid.   

Proof. To prove the validity of the limit relation (28), we use the reduction formula (20) for 

/ 2a m  and 1n n : 

 

   

| |1
( 1) 1

/2
{1,..., }\{ }1 1

1

1,1,...,1;
( 1) ( 1)2

= .
( / 2)2,...,2; 1

n

n
n

In
n n

A k m
I n kn n k

I

n

m
n

F
m X





 

 



 
    

 
  

 
 

     (29) 
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Now, passing to the limit in  ( )
, ,n
k kJ x    as 0   and substituting (29) into 

( )

0

( ),lim
nu x


 

we obtain the solution (26) to the Dirichlet problem ,m nD
for the Laplace equation (24). Theorem 5 

is proven. 

Let 
=1

=
n

n k
k

D S  be the union of all n  lateral faces of   . 

Neumann problem 
0,

, .m nN 
 Find a solution      1

nu x C C D    2( )C   to the 

Laplace equation (24), satisfying the conditions 

 

=0

= ( ), , =1, ,k k k k

k xk

u
x x S k n

x






  ( ) = 0,lim

R

u x


    

 where  k kx   are given functions such that at the origin they can become infinite of integrable 

order, i.e. less than 1m , and     1= , , > 0, =1, .k k k kx O k n       

Neumann problem 
,
, .m nN 

 Find a solution      1
nu x C C D    2( )C   to the 

singular elliptic equation (25), satisfying the conditions 

 
2

=0

= ( ), , =1, ,k
k k k k k

k xk

u
x x x S k n

x

 
 

 
 

  ( ) = 0,lim
R

u x


                                                                                  

where  k kx   are given functions such that at the origin they can become infinite of integrable 

order, i.e. less than 1 2 km   , and     2 1
= , , > 0, =1, .k

k k k kx O k n
     

  

The solution  ( )
0
nu x  of the Neumann problem 

0,
,m nN 

 for the Laplace equation (24) in   

has a form [22] 

   
\ \

( )
0 /2 2

=1 0 0

1

1 2 1
= ... ... ,

22
n k n k

n
n

k k km m
k I I

n m n

m
u x d

r
  



   


 

 

 
  

 
                (30) 

and the solution  ( )nu x   of the Neumann problem  
,
,m nN 

  for the singular elliptic equation (25) 

in   is also known [9]: 

      ( ) ( )
,

1 0 0

1

= ... ... ; ,
n

n n
k k k k k

k

n m n

u x N x d    
   

  

 

                        (31) 

where         2 1 0 1 1 1( ) 0
, 0

1 1 1

, ,..., , ,..., ;
, = ,

2 ,...,2 ,2 ,...,2 ;

n k k nn
k k k A k

k k n

N x R F




    
  

   

   

 

 
 
 

 

 
   

 
2 00

0 0 /2
=1 =1

2
= , = 2 .

2 2

nn
jm

j m
j j j

m  
  

 


 
 
  

   
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Theorem 6. Let the functions  ( )
0
nu x  and  ( )nu x , defined by equalities (30) and (31), be 

solutions of the Neumann problems 
0,

,m nN 
 and 

,
,m nN 

  for the Laplace equation (24) and the 

singular elliptic equation (25), respectively. Then the limit relation  

    
( ) ( )

0
0

( ) = ( )lim
n nu x u x


                                                      (32) 

is valid. 

Proof. To prove the validity of the limit relation (32), we use the reduction formula (20) for 

( 2) / 2a m  , 1n n  and  1 ... 2nk k    : 

 \
\

( 1) 1 1 1
1 1 1 1 ( 2)/2

1 1 1 =0

2
, ,..., , ,..., ; 1 1

,..., , ,..., = ,2
2 12 ,...,2 ,2 ,...,2 ; n k

n k
k

n k k n
k k nA n m

I
Ik k n

m

F x x x x

X


   

   

  
   

 

 
 
    



 

where   1 1 1: ,..., , ,..., .k k k n       

 

5. Conclusions 

1. The well-known tables for the Appell hypergeometric function are supplemented with new 

reduction formulas at zero values of Appell function. 

2. For the first time, reduction formulas for the Lauricella hypergeometric function in three or 

more variables were established 

3. The proved reduction formulas for hypergeometric functions were applied to the 

comparison of solutions of the Dirichlet and Neumann problems for the Laplace equations and 

singular elliptic equations in infinite parts of Euclidean space. 
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