OPEN

s gjc(:) é;IIzear Gfopen/“RE ACCESS

‘_+:

‘\ ' JOURNAL OF MATHEMATICAL MODELS . * |
.. ANDMETHODS INENGINEERING - '

) "




Ly
JOURNAL OF MATHEMATICAL MODELS

2000 e AND METHODS IN ENGINEERING

an @@ - Qp J

“Journal of Mathematical Models and Methods
in Engineering” is an international, peer-reviewed,

and open-access scientific journal established in the

Republic of Uzbekistan by the National Research
" University “Tashkent Institute of Irrigation and

Agricultural Mechanization Engineers” under
i=1 Certificate No. 1648073 dated June 15, 2026.

&
The journal specializes in publishing scientific
research on mathematical modeling, numerical
methods, computational algorithms, optimization,

and analytical approaches across various fields

of engineering — including civil engineering,
mechanical engineering, energy, hydraulic
engineering, materials science, robotics, and
environmental protection. It serves as a scientific
platform for scholars, engineers, educators, and
doctoral researchers to exchange theoretical and
applied knowledge.

&
All submitted manuscripts undergo a double-blind
peer review process and are published in strict
compliance with high academic quality standards
and publication ethics.

¢
The journal has been published since June 15, 2026,
once per quarter, that is, 4 times per year.

Manuscripts are accepted in English and must be
prepared in accordance with international

IMRAD standards.

Ny

=

) D3 (B ® EF BN @ & <O

FOUNDER

ADDRESS

PHONE

WEBSITE

CERTIFICATE

PUBLISHED

LANGUAGE

FREQUENCY

REVIEW

STANDARD

TIHAME

National Research University

TIIAME National
Research University

39 Qori-Niyoziy Street,
Mirzo Ulugbek District,
Tashkent, Republic of Uzbekistan 1= 1

+998 (93) 397-12-39
jmmme.uz

No. 1648073, June 15, 2026
2026-06-15

English

Quarterly / 4 times per year

Double-blind peer review

International IMRAD standards

¢+ INDEXED AND DISCOVERABLE THROUGH «

' INTERNATIONAL
| \ o > Google
) ] et & Scholar

znodo @)
\{- e’ 4

@)penAlRE

) OPEN
(o) ACCESS




TIIAME

National Research University

y
OURNAL OF MATHEMATICAL MODELS
AND METHODS IN ENGINEERING

\ ‘

{x + b(t)
EDITOR-IN-CHIEF

Xudayarov Baxtiyar Alimovich
Dactor of Technical Sciences, Professor

TIIAME National Research University, Tashkent, Republic of Uzbekistan

aViu+f

d<2

ASSOCIATE EDITOR
Abdullayev Akmaljon Abdujalilovich

PhD, Associate Professor, Department of Higher Mathematics
TIIAME National Research University, Tashkent, Republic of Uzbekistan

COMPUTER OPERATOR AND DESIGNER
Sattarov Ulug'bek Umed o'g'li

< EDITORIAL BOARD MEMBERS &——

2] e e

Doctor of Physical and Doctor of Physical and Doctor of Physical and
Mathematical Sciences, Mathematical Sciences, Mathematical Sciences,
I )f C )ﬁ'&\'nr
TIIAME National Research
University, Tashkent,
Republic of Uzbekistan

Turayev Fozil
Jurakulovich

Eshkuvatov Zaynidin
Karimovich

Ergashev Tukhtasin
Gulomjonovich

> Eshmatov Baxtiyor
A Xasanovich
11 Head of the Department of
Higher Mathematics,
Associate Professor
THAME National Research
University, Tashkent,

Republic of Uzbekistan

Professor
THAME National Research
University, Tashkent,

Republic of Uzbekistan

Associate Professor
THAME National Research
University, Tashkent,

Republic of Uzbekistan

< INTERNATIONAL SUBJECT EDITORS <——

Dr. Mohd Kamal Mohd Nawawi

PhD, Associate Professor, School of Quantitative Sciences,
Universiti Utara Malaysia, Kedah, Malaysia.

Andriy Verlan

Associate Professor, Department of Manufacturing and Civil Engjneering,
Norwegian University of Science and Technology (NTNU),
Trondheim, Norway.

Norihan Md Arifin
Professor of Applied Mathematics, Head of the Department of
Mathematics and Statistics, Universiti Putra Malaysia,

Vatin Nikolay Ivanovich

Doctor of Technical Sciences, Professor,

Dote o Great St. Petes D, o e Universt
Peter the Great St. Petersburg Polytechnic University. Selingor: Maliaia
Amarjit Singh

PhD, Department of Mechanical Engineering,

Sergey Leonov

Doctor of Engineering, Professor at National Technical

University “Kharkiv Polytechnic Institute”.

Vishesh Ranjan Kar

Assistant Professor, Department of Mechanical Engineering,
National Institute of Technology Jamshedpur, India.

Tkachenko Oleg Pavlovich

Doctor of Physical and Mathematical Sciences, Associate Professor,
Leading Researcher at the Computing Center of the Far Eastern
Branch of the Russian Academy of Sciences, Khabarovsk, Russia.

Prof. Dr. Muhammad Zaini Bin Ahmad

Doctor of Industrial Computing, Professor, Department of Mathematical

OSSO ® S
DORBD S @

Sciences, F.uully of Intelligent (?mnpulin;:.
Universiti Malaysia Peclis, Malaysia.

Pradeep G. Siddheshwar

National Institute of Technology Hamirpur HP, India.

Muhammad Suzuri Hitam
Professor, Faculty of Computer Science and Mathematics,
University Malaysia Terengganu, Malaysia.

Gobithaasan Rudrusamy
Assoc, Prof. Dr. of School of Mathematical Sciences,
University Sains Malaysia, Penang, Malaysia.

Mahmoud Mohamed Selim Saleh

Doctor of Applied Mathematics, Professor, College of Science
and Humanitics, Prince Sattam bin Abdulaziz University,

Al-Kharj, Saudi Arabia.

M.Sc., Ph.D. Senior Professor of Mathematics, Bangalore 560 029, India.



Journal of Mathematical Models and Methods in Engineering 1 (2026)

Journal of Mathematical Models and Methods in Engineering

_k i/f journal homepage: https://jmmme.uz/index.php/journal

A three-variable analogue of the Humbert function with
applications to solving Dirichlet problem for a singular Helmholtz
equation

Z.0.Arzikulov!’, R.1.Parovik?, R.T. Zunnunov®

! Fergana State Technical University, Fergana, 150107, Uzbekistan

2 Laboratory of Modeling Physical Processes, Institute of Cosmophysical Research and Radio
Wave Propagation FEB RAS, Mirnaya Str., 7, Paratunka 684034, Russia

$Laboratory of Mathematical Modeling of Nonlinear System, V. I. Romanovskiy Institute of
Mathematics, Uzbekistan Academy of Sciences, University Street 9, Tashkent 100174, Uzbekistan

ARTICLE INFO ABSTRACT
Keywords: In this paper we introduce a new confluent hypergeometric function of three variables,
confluent hypergeometric list its elementary properties, and construct a system of partial differential equations
function of three variables; that the new function satisfies. We study the behavior of the function and establish an
system of partial differential asymptotic formula for a large values of arguments. The results obtained are applied to
equations; asymptotic formula; solving the Dirichlet problem for the three-dimensional Helmholtz equation with three
three-dimensional ~ Helmholtz singular coefficients in the first infinite octant. The uniqueness of the solution of the
equation with three singular Dirichlet problem in an infinite domain is proved using the extremum principle for
coefficients; Dirichlet problem elliptic equations. Thanks to the established properties of the confluent
in the first infinite octant hypergeometric function of three variables, the unique solution to the posed boundary

value problem is written out in explicit form.

1. Introduction

In study of many applied problems involving thermal conductivity and dynamics,
electromagnetic oscillation and aerodynamics, and quantum mechanics and potential theory arise a
hypergeometric (higher and special or transcendent) functions [1, 2, 3] which are often referred to
as special functions of mathematical physics.

The success of the theory of Gaussian hypergeometric function stimulated the development
of the corresponding theory in two or more variables. Much credit for the further development of
the theory of hypergeometric functions in two variables goes to Horn [4], who gave a more general
definition and introduced the concept of the order of double hypergeometric series. He investigated
the convergence of the double hypergeometric functions and established systems of partial
differential equations that they satisfy. He divided hypergeometric functions into complete and
confluent functions and compiled a list (Horn List) of the second order hypergeometric functions in
two variables. There are essentially 34 (14 complete and 20 confluent) convergent functions of the
second order.

* Corresponding author. Z.0.Arzikulov
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Lauricella [5, p. 114] first introduced 14 complete triple hypergeometric series (functions) of
the second order and Saran [6] systematically studied of these ten hypergeometric functions in three
variables which belong to the Lauricella’s set. Other hypergeometric functions in three variables
studied in the literature include, in addition to the three-variable analogues of the hypergeometric
functions in many variables, the functions introduced by Dhawan [7], Samar [8], and Exton [9]. An
expansion of the results on the triple hypergeometric series together with references to the original
literature are to be found in the book by Srivastava and Karlsson [10], which is a normal work on
the subject. This monograph also contains a full list of all relevant articles up to 1985. For instance,
Srivastava and Karlsson [10] presented a table of 205 distinct complete Gaussian functions in three
variables together with their sources, if known.

Despite many applications of confluent forms of hypergeometric functions of more than two
variables, they have been relatively little studied. In the works of Jain [11] and Exton [12], some
functions were studied that are confluent forms of the complete hypergeometric functions in three
variables.

When the number of the variables exceeds two or three, some confluent forms of the
multiple Lauricella functions are defined in [10, pp. 34 - 36] as an applications of which, the self-
similar and fundamental solutions of the second order multidimensional systems of partial
differential equations with singular coefficients are constructed in explicit forms (see [13]).

The plan of this paper is as follows. In Section 2 we briefly give some preliminary
information, which will be used later. In Section 3 we define new confluent hypergeometric
function in three variables, write the system of partial differential equations, which satisfies new
confluent function, find behavior and asymptotic expansion formulas. Sections 4 and 5 are devoted
to the applications of the confluent hypergeometric functions. In Section 4 we formalize the
Dirichlet problem for the Helmholtz equation with the three singular coefficients in the first infinite
octant and prove the uniqueness of the solution to the problem. In Section 5 we find the solution of
the Dirichlet in explicit form.

2. Preliminaries

The Gaussian hypergeometric function of the complex varible z is defined inside the circle
| z|<1 as the sum of the hypergeometric series [14] :

Fabcz)=y @n®n 2 oo 4 5 1)
n=0 ( ) n!
where a, b, c are arbitrary complex numbers which are called the parameters of the
hypergeometric function; (4), =T'(1+n)/T'(1),n=0,1,2,...; I'(z) is a famous Euler’s
gamma-function.
The following function

al""’ap;z 2 (Oll)n...(a’p)nﬁ
qu{ﬂl,...,/fq; }ngo(ﬁl)n,,_(ﬂq)n o

is known as the generalized Gaussian function [14], or simply, the generalized hypergeometric
function. Here P and Q are positive integers or zero (interpreting an empty product as 1), and we

()

assume that the variable z, the numerator parameters &g...., ap, and the denominator parameters

Brr s /3, take on complex values, provided that f3; # 0-1,-2,...; j=1,..9.
The Bessel function is defined as a special case of the generalized hypergeometric function:

J (z):#(i)a Flas1 2 -y G (Ejzmm
“ Ma+1)\2) %! 4 SmT(m+a+1) 2 '
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Appel has defined, in 1880, four hypergeometric functions, F; to F, which are all analogous to
Gauss’ F(a,b;c;2z). For instance [15],

F3(a, abbcx, y) _ i (@) (a')n (b)n, (b’)n Ey_n’ max{| x|,y |} <1. (3

m,n:0 (C)m+n m! n!

One of the confluent forms of the Appell function (3) is a following Humbert function

[’e] m n
2, (abicx,y)= 3 Mx—y—,wkl. (4)
m,n=0 (C)m+n m! n!
which satisfies system of partial differential equations
{x(l— XUy, + YU, +[c—(a+b+1)x Ju, —abu =0,

(5)
yu,, + Xu,, +cu, —u =0,

where U =E,(a,b;C; X, y).

At first we clarify the behavior of Z,(a,b;C;X,y) as X —oo. It follows from (4) that the

representation
n

2, (abicxy)=3] Y F(a,b;c+n;x) (6)
n=0 (C)n n!
Is true. Substituting an expansion of the Gaussian hypergeometric function of the form [16, p. 183,
Eqg. (10.13)]

F(a,b;c;z) = O(z‘b)+0(z‘b), a-b#0+1,+2..,z>0

into (6) we obtain the following leading term of (6) as X — o0, |arg(—X) |[< z [16, p. 809, Eq.
(40.42)]:

r'c)r'(b—a)
['(b)I'(c—a)

=, (ab;e;x,y) ~ oRc—-ay)(-x)

N I'(c)I'(a-h)

I'(@)I'(c-h)

where o F (a;y) is the generalized Gaussian function defined in (2).
Now we use the asymptotic expansion (see [17, p. 76])

JFR(v-y) = O{y(l‘zv)’4 cos(Z y + Wﬂ as 'y — oo, (8)

OFl(C_b; y)(_x)_b1a¢ b’ (7)

Then from (7) we find that
Ez (a,b;c; X, y) — O(X—ay(1+2a—2c)/4) i O(X—by(1+2b—20)/4)’ a=b, X, Y —> o0, )

The Humbert function =,(&,b;C; X, Y), a PDE-system (1.5), the behavior formula (7) and

the asymptotic expansion (9) have important applications: in the work [18] an explicit solution of
the Dirichlet problem for the equation

Uyx +Uyy +27aux+%uy—izu=O,0<20(,2,B<1,—oo</1<+oo (10)
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in the infinite first quadrant (X, y): X >0,y >0 is written out through a function (4), the

satisfaction of which for the equation (10) is established thanks to the system (5), and the formulas
(7) and (9) help to show the fulfillment of the conditions of the Dirichlet problem.

3. Confluent hypergeometric function :(232) in three variables
This section is devoted to the study of the one confluent form of the triple Lauricella
function FB(3). The new function under consideration is analogous to Humbert’s confluent

hypergeometric function of two variables =,(a,b;C;X,y) defined in (1.4), and this work is in

some degree complementary to the investigation by Exton [12] on the triple confluent
hypergeometric functions.

The Lauricella hypergeometric function FB(3) is defined by the formula [5]

0 a af a” b bl b” m p
FY(a,a,a",b,b',b"cx,y,2)= Y (@ (&), (&), O (0, (27), x_y_z_ (11)

m,n,p=0 (C)m+n+p m! nl p'

max{| x|l y || z[} <1.
The function (11) has 6 confluent forms [12], one of which can be written as follows

(@) () (3), (B), X" y"

=% (a,b,a’,bc;x,y,2) = i max{|x||y|}<1 (12)

m,n, p=0 (C)m+n+p ml n! pl
Note, the multidimensional analogous of the confluent hypergeometric function 3(232) is
found in [13].
If one sets
0 0 0
O=X—,p=y—,y =7—, (13)
x? Vo e

it is clear that the new function :(232) defined in (12) satisfies the following system of PDE [12]:
[6(0+¢+y +c-1)—x(a+0)(b+0)]ES) =0,
(40 +¢+y +c-1)-y@ +P) b +4)]EF =0,
[w(@+¢+y+c-1)]E5) =0
Using the operators (13), it is easy to get
X(1= X)Uy + YUy, +2U,, +[ c—(a+b+1)x]u, —abu =0,
y(1—y)u,, +Xu,, +2u, +[c—(a'+b'+1)y Ju,—abu =0, (14)
ZU,, + XUy, + YU, +cu, —u =0,
where U=ES) (a,b,a’,b';c; X, y,2).

At first we clarify the behavior of :(232) (a,b, a’,\b’;c;x,y, Z) as X,y —>oo. It follows from

(12) that the representation
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0 al bl n
=% (a,b,a’,b'sc;x,y,2)= Z—( )nl( )Y E,(a,b;c+n;x,2) (15)
n=0 n'(c)n
is true, where =, is the Humbert function defined in (4). Substituting an expansion (9) of the

—

Humbert function =, into (15) we obtain the following leading term of (15) as X,y —> 0,

larg(—x)[< 7, |arg(=y) |< 7:
['(c)(b—a)l(b'-a)
I'(b)L(b)I(c—a-a)

=5 (aba,b;c;x,y,z) oF(c—a-a;z)(—x) " (-y) " +

I'(c)l(b-a)r(a'-b') ) . .

o) (@) (o—asp) e3P0 (=y)

I'(c)l(a-b)r(b'-a) ) .

T (@)T (o) (o—b—a) °HC P~ E) (=) T+
I'(c)C(a—b)(a'—b) ) " N o
@)@ (o=b_b) (e~ (=y) T azbab. a9

Now we use the asymptotic expansion (8). Then from (16) we find that
=9 (a,b,ab5c;x,y,2) = O x By #ztFerertale)

+0 ( @ y—b'z(1—26+2a+2b')/4 ) 40 ( «-b y—a'z(1—20+2b+2a')/4 )

+ O(x‘by‘b'z(l_zc+2b+2b')/4), azba #bx,y,z >0, (17)

4. The Dirichlet problem in the first octant for the Helmholtz equation with three singular
coefficients

Let us consider the following singular Helmholtz equation

20 20 2y 2
Uy + Uy + Uy +7uX +7uy +?uZ -Au=0,0<2a,282y<1 (18)
in the infinite domain Q ={(x,y,z):x>0,y >0,z >0}.
The Dirichlet problem. Find a regular solution U(X,Yy,Z) to the singular Helmholtz

equation (18) which belongs to the class of functions C (Q_Z) uC? (QQ), satisfying the conditions

u(x,y,0) =7;(x,y), 0< X,y <oo, (19)

u(x,0,z) = 7,(x,z), 0<%,z <o, (20)

u(0,y,z) =74(y,2), 0<y,z <o, (21)
limu(x,y,z) =0,R=/x* +y* + 2%, (22)
R—o0

where 7, (t,S) are given functions such that
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z‘:1()(1 y)

(X, y) = T (%,y)eClO<X,y<w),g>2-2a-25, (23)
1 2 2 (l+a+ﬂ7)/+gl)/2 1 1
(1+x +y )
7,(X,2) = 7(X.2) T,(X,2)eC(0<X,2<w),6,>2-2a -2y, (24)
2 2 2 (1+a—ﬂ+y+52)/2 2 2
(1+ X +2 )
r(y,2) = UL gy 2 eCey,z<m)e>2-26-2.  (25)
1—a+ﬂ+y+£3)/2

(1+ y2 + 22)(
In addition, the functions 7;(X,Y), 7,(X,z) and 7,(Y,z) satisfy the concordance
conditions in origin 7;(0,0) = 7,(0,0) = 7,(0,0), and in the lateral ribs of the domain Q:
7,(x,0) = 7,(x,0), 7,(0, ¥) = 75(y,0),7,(0,2) = 75(0,2) 0< X, y,Z < o0, (26)
In the two-dimensional case the Dirichlet problem for the Helmholtz equation (10) in the

infinite first quadrant is studied in [18].
In the paper [19] the Dirichlet problem for an elliptic equation with two singular coefficients

2p

2
Uy + U, + %0, +=~u,=0,0<2a,24<1
X
in the arbitrary domain bounded in the first quarter {(X, y):x>0,y> 0} of the XOy -plane is

solved by a potential theory method and in the paper [20] a solution of the Dirichlet problem for
multidimensional elliptic equation with two singular coefficients

i 2a 2

Zux_x_ +—U,. +—'BuX =0,0<2a,2p<1

=D I D S
in the quarter of the multidimensional ball is found in the explicit form. In the work [21] a spatial
mixed problems and Neumann problem for a three- dimensional elliptic equation with two singular
coefficients

Uy +Uyy +U, +270{uX +%uy =0,0<2a,24<1

are investigated.
Conditions (23) — (25) are essential for the unique solvability of the Dirichlet problem. A
similar problem for the equation (18) under more severe constraints on the data is solved in [22].

Theorem 1. The Dirichlet problem for equation (18) in an unbounded domain €2 can have
at most one solution.
Proof. For the proof of the theorem, it is sufficient to show that the corresponding

homogeneous problem has a trivial solution. For that we denote by €2 the finite part of domain €2
, Which is bounded by planes X =0, y =0, z =0 and a part of the sphere
op ={(X,y,2):xX* +y*+2%,x>0,y >0,z >0}
Let
7 (% Y) =0,7,(x,2) = 0,75(y, 2) =0. (27)

The validity of theorem follows from the extremum principle for the elliptic equations [23].
Indeed, in the domain Qr dueto (10), the function U(X, Y, Z) can attain its positive maximum and
negative minimum on o only.

Let (X,Y,2) be an arbitrary point of domain €2 . Let us take an arbitrary small number
£ >0 and, taking into account (10), we choose R so large that |u(X,Y,z)|<& on og. With

26



suffuciently large R, this point belongs to the domain Q2 and therefore |u(X,Y,2)|< &. In view
of arbitrariness of & we have U(x,y,z)=0. Then u(X,y,z) =0 in the domain Q.

5. Existence of the solution to the Dirichlet problem
We will seek a solution to the Dirichlet problem (18) — (26) in the form

u(x,y,z):iui(x,y, 2),

where U;(X,Y,2), U,(X,Y,2), Us(X,Y,Z) are a solutions to the equation (18), satisfying the
boundary conditions

U (% Y,0) =7(X,¥),u(x,0,2) =0, (0, y,2) =0, (28)
u,(X,y,0) =0, u,(x,0,2) = 7,(x,2),u,(0,y,2) =0, (29)
Us(%, ¥.0) =0, U5(x,0,2) =0, U0, ¥, 2) = 74(y, 2), (30)

respectively.
Lemma 1. If a function 7,(X,Y) can be represented by the formula (23), then the function

u (X y,2)= i(—l)“lulj(x,y,z) (31)

=1
is a regular solution of the equation (18) in the domain (2, satisfying the boundary conditions(28)
and vanishing at infinity, where

21— 2y)x “y P 2 (t,s t“sﬂ
Uy (% y,2)= - ” o5 27
00 1j
1 Iolj plzj _22

:(232)(051 a,Bl- By —pfj]dtds,j=1,2,3,4; (32)

2" —4xt’-4ys’ 4
p11=\/(t—x)2+(5—y)2+22,p12:\/(t+x)2+(s_y)2+22’
plg:\/(t+x)2+(3+y)2+22,p14:\/(t_x)2+(s+y)2+22,

=)

and =5, is confluent hypergeometric function in three variables defined in (12).
Proof. First, we need to make sure that function (32) satisfies the equation
20 2
W + W, +W,, + —W, + ﬂw 42 LW, - AW =0 (33)
X y 4
in the arguments X, Y and z. For this purpose, consider the function

3
W(x,y,z)= Xy P72 20(&,n,8),

where
2
—20| g1-g, p1-py -t L . P A 34
o(&n.¢) 2(“ BB o Tays 2 P ) (34)
:(x—t)2+(y—s) +2%,e=-L ——g“—i—z
o T ayst T A

Calculating the necessary derivatives of function W with respect to variables X, Yy, Z and
substituting them into equation (33), we obtain a following system of partial differential equations
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$(1-S)a.: +nawy, + fo,, +(7/— — 25)0)5 —a(l-a)w=0,

NI, N

n(l-n)o,, +S&u., +cw, + (7/ —-—— 277}60,7 -p(l- o =0, (35)

1
CWyr + S0 + N, +(7/_§ng - =0.

Comparing the system of equations (35) with the system of hypergeometric type equations (14), we
can conclude that the function @(&,7n,¢) defined by formula (34), is a solution to system of

equations (35). Thus, function (32) satisfies equation (18).
Now we will show that function U (X,Y,Z) satisfies condition (19) of the Dirichlet

problem.
By setting t = X+ Zx,S =y + zv, we transform formula (32) for j =1 to the form

_2(1- 27/)“71 X+ 24, erZV)(XJrzﬂja(ervaﬂx

Uy (XY, 2)

W22 » y

1wzl wz? A2
=& g1- 1- By —= 2 wz? |dudv, (36
22(0( wpl-Fry 2 —AX(X+ zu) —4y(y+v) 4 j pav, - (30)

where W:=1+ 1 +v? for brevity.
On the right-hand side of (36) we pass to the Iimit as Z—> 0 and get

00 (1+ 4% +v )(3_2”/2 |

|ingu11(x,y,z):r1(x,y

Using consistently the well-known identity [24, p. 612, Eq. 4.623]
ng( 2 4 b? 2)dxdy = —jqp( )xdx, (37)

we obtain
Iimull(X, Y, Z) = Tl(X, y)

z—0
Likewise, everyone can easily get
limuy; (x,y,2)=0, j=2,3,4.
z—0

So, the following equality is true for the function U, (X, Y, Z) defined in (31):
limuy (X, ¥,2) = 7,(X, Y).
z—>0
Applying the behavior formula (16) to (32) and taking into account the obvious equalities
:011|X=0 = p12|x=0 ,,011|y=0 = p14|y:0 ’/312|y=0 = p13|y:0 ,p13|X=0 = :014|X=0’

1 1
we establish that for ¢ < E and S < E there exist a following limits

|in(1)u1(x, y,z)=0, Iirrgul(X, y,z)=0.
X—> y—
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It is easy to see that as the point (X, Y, Z) tends to infinity, i.e. R — oo, function (32) tends to zero.

To do this, we will use the formula (17) that describes the behavior of the function 5(232) at infinity.
Then, by virtue of (23), we get

0000 2a 20
v 2)<C. 2 t““s“dtds
Uy (%,Y,2)|<Cyyz ££(1+t2 +82)(1+a+/3_y+51)/2 e

0000 2a
+ C12 yl_z'gzl_zy J.J. t SdtdS

ta+p-y+g )2 e
00(1+t2+52)( l) pfil—a Ly

ts?Adtds

(1+a+ﬂ—7+51)/2 34 f—y-a
11

FCopt e | e
+t°+s

1 Gy X2y 2P g2 .[ I tsdtds

(1+a+/3— +& )/2 (38)
00 (142 457 T2 sy
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At the right-hand sides of inequalities (38), change the variables as follows: t =Ry,
S = Rv. We obtain the inequalities

1-2y 1-2p
1 z C _ C y :
‘ull‘g R242F2e (E) {Rzzlalzﬂ Ki(X,¥,2;R) + =4 (Ej K, (%, Y,Z;R)

1-2
R o

C 2 2 y 125
+ Rl—lg/f (Ej Ks(X,Y,Z;R) +Cyy (Ej (EJ K,(XY,Z, R)}

12V d udy
1+a+’8_7+81)/2Y(2+(Z+,3—}/)/2 )

where

Ky (x, y,z;R)=TT (
00 A

17“vd pdv
1+a+ﬁ—}/+£1)/2Y(3+a—ﬂ—y)/2 ]

Kz(x,y,z;R)=TT (
00 A

2000 Zﬂd d
Ka(x,y,Z;R) = [ ( i
00 A

l+a+ﬂ—7/+gl)/2Y(3+ﬂ_7_a)/2 !

uvd udy
1+05+ﬁ—}/+€1)/2Y(4—ﬂ—7—a)/2 !

K4(X, y,z;R)=TT (
00 A

A:%+y2+v2,Y=l+,u2+V2—%(,ux+vy).

Let us show that these proper double integrals are bounded. Indeed, using the formula (37) and
passing to the limit as R — oo, we find the relations

R—o0

where
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r(aJr1jr(ﬂ+1jr(l+a+ﬂ+27+51j1_(2—27+51j
M. = 2 2 2 2
1= :

4F@+a+ﬂﬂ(2+a;ﬂ_7j

r(2+a—ﬁ+7/—gljr(l—27/+glj
M, = 2 2

2@+2aﬁ(3+“;ﬂ_7j |

F(Z—a+ﬂ+)/—gljr(1—27+glj
M, = 2 2

2@+2ﬂﬁ(3_“+ﬂ_7) |

2
r(3—a—,§+7/—gljr(l—272/+glj
M, = .
ar(=07)
2
From (39), it intermediately follows that
s (%, y,z)‘ﬁm’%ﬂ*a—w’ (40)

where C is a constant.
Now, it intermediately follows from estimate (40) that the function (32) vanishes at infinity.
The Lemma 1 is proved.

Similar statements are also true for functions U, (X,Y,Z) and U3(X,Y,Z) that satisfy the
conditions (29) and (30), respectively, and vanish at infinity, where

U (X, y,2)= i(—l)”luij (x,y,2),i=2,3,

=1

2(1-2p) xeyt? rztst57
Uy (x,y,2) = - > 7” p=r
00 2]j
=@ o Loy Py A
X‘:‘22 a,l—a,}/,l—y, —E,TX":,TZS,TPH dtdS, (41)

,021:\/(t—x)2+y2+(s—z)2,,o22 :\/(t+x)2+y2+(s—z)2,

p24=\/(t—x)2+y2+(s+z)2,p23=\/(t+x)2+y2+(s+z)2,

2(1 2a) 12a _ _},J-IZ'?,tStS
3-2a
J

Us (x,y,2)=
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2_ 2_ 2
XE(ZSZ) ,B,l_ﬂ:%l—?/;a—i' p3j ; IO3J /1 2-

2’—4yt’—4zs’7'03J
— 2 _ 2 _ 2 _ 2 2 B 2
P =X+ (t—y) +(5—2)", pp =X +(t+Yy) +(s-2),

Py = \/xz +(t- y)2 +(s+Z)2,,033 = \/x2 +(t+ y)2 +(s+z)2.
Thus, we have proved the following theorem

dtds, (42)

3 4 .
Theorem 2. Function u(X,y,z)= ZZ(—I)“luij (X,Y,z), where the functions uj; are
i=1j=1
defined in (32), (41) and (42), is a regular solution of equation (18) in the domain €2, satisfying the
boundary conditions (19) to (22).

6. Conclusion

In this paper we dealt with the three-dimensional singular Helmholtz equation of the second
order. In the future, the study can be developed in two directions: firstly, towards increasing the
dimensionality of the equation, secondly, towards increasing the order of the equation, it would be
necessary to consider the above-studied problem at least for the third order singular partial
differential equation.

Because, at the present all fundamental solutions of the multidimensional Helmholtz
equation with the singular coefficents
m A2 n
28 lZJ £ 2¢; ou
i=1 8Xi k=1 X 8Xk
are expressed by a multiple confluent hypergeometric function defined in [25]. In addition,
particular solutions of the more general equation
k A2 k 2c- n 2 n 2a- _

YU, U 5 O S SN T hd
j:lan j=1 Xj aXJ- j:k+18Xj j=k+1 Xj aXJ-
are currently known [26].

In the multidimensional case, only KapileviC [27], in 1952, has solved the Dirichlet
problem for the Helmholtz equation with the single singular coefficient (i.e. N =1 in Eq. (43)) in
the half-space.

To study third-order partial differential equations, all results on the high-order
hypergeometric functions are required. For instance, the following degenerating model parabolic
equation of the third order

x"yMu, —t*y"u,, —t“x"u,, =0,m,n,k = const >0
has 9 linearly independent particular solutions [28] which are expressed by, so called, a Kampé de
Fériet’s hypergeometric functions in two variables [10, p. 27] the order of which exceeds two. For
the study of high-order hypergeometric functions, expansion formulas are very important, which
allow us to express a given multiple hypergeometric function by the infinite sum of hypergeometric
functions of lower order. In a recent work [29], expansions of the Kampé de Fériet’s functions are

established.
The study can be started with solving the Dirichlet problem for a four-dimensional equation

~2%=0,0<2¢, <1,m>21<n<m (43)

Uy + Uy + Uy, + Uy +2705uX +27’8uy +2—Z7/uZ +2t—5ut ~2%u=0,0<a,pB,7,0 <112 (44)

using the results of the work [30] devoted to the Dirichlet problem for equation (44) at A =0.
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