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ARTICLE INFO ABSTRACT
Keywords: The flutter of viscoelastic three-layer Elements of an Aircraft, flown around by a
modeling, supersonic gas flow is studied in the article. Mathematical models of problems on the
three-layer plates, flutter of viscoelastic three-layer plates with a structure asymmetrical in thickness,
flutter, flown around by a supersonic gas flow are developed. The flutter of viscoelastic three-
supersonic flow, layer plates is studied in linear formulations. The critical flutter velocities of elongated
critical velocities plates are compared with the results obtained in previously published studies, where

the solutions were obtained in an elastic formulation. The flutter of viscoelastic three-
layer plates with a rigid filler that resists transverse shear, flown from the outside by a
supersonic flow, was studied. It is shown that an increase in the geometric parameter
characterizing the flexural rigidity of the bearing layers of three-layer structures leads
to an increase in the flutter velocity by 25-40%.

1. Introduction

Layered structures, in particular, three-layer plates and shells, are used in the aircraft
industry and in other branches of mechanical engineering, and in the future, the scope of their
application will undoubtedly expand. Three-layer structures have many qualities that conventional
structures made of metal do not have. They have high specific rigidity and can withstand high
specific loads. Layered plates and shells have good heat and sound insulation properties, damping
and vibration-absorbing properties, certain radio technical characteristics, etc. Due to the fact that
there are no fasteners of any kind on the outer surface of three-layer structures and the surface is
perfectly smooth, they have high aerodynamic qualities.

Theoretical and experimental studies on three-layer structures made it possible to reveal
their main advantages in relation to other types of structures. These advantages are due to the fact
that core layers reinforced with filler can withstand high compressive stresses. As a result, these
designs are optimal in bending and can significantly increase their critical loads at a minimal
weight. Their implementation in various branches of technology entailed intensive research in the
field of theory and calculation methods. As a result, over the past fifty years, a separate direction
has developed in the mechanics of a deformable rigid body related to the development of the theory
of multilayer (in particular, three-layer) plates and shells [1-5].
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A great contribution to the development of the theory of multilayer plates and shells was
made by E.I. Grigolyuk [3] and others. In [6], the main relations of the quadratic nonlinear theory of
non-sloping multilayer anisotropic shells of an arbitrary form were presented.

In recent years, the needs of engineering have led to the fact that the bearing layers began to
be made in different thicknesses. This greatly expands the scope of the use of three-layer structures.

Three-layer structures are effectively used in the aircraft industry and other branches of
engineering. Therefore, three-layer structures have entailed intensive research in the field of flutter
theory.

A number of publications [7, 8] are devoted to the issue of calculating vibrations of elastic
three-layer plates and shells with a structure that is asymmetric in thickness. In the studies by A.l.
Smirnov [7, 8], the supersonic flutter of three-layer plates and cylindrical shells was considered in
an elastic formulation.

A mathematical model to investigate the effect of external average flow on sound
transmission loss through composite sandwich panels filled with porous materials was built [9]. The
equations of motion for multilayer composite plates were constructed using first-order shear
deformation theory. A study of the influence of the external average flow, the angle of incidence,
and the lamination scheme on the coincidence frequency and sound absorption of multilayer
composite structures was conducted.

In [10], the study of the influence of free vibration on the behavior of a multifunctional
sandwich plate using an advanced and reliable method was performed. The basic equation for the
analysis of free vibrations was obtained, in which Reddy's third-order shear deformation theory was
used.

In this article, the authors study the nonlinear flutter of viscoelastic three-layer plates and
shallow shells with an asymmetric in thickness structure, which are flown around by a supersonic
gas flow.

2.Equations of motion

Let us consider a rectangular three-layer plate with sides a and b, streamlined from the
outside by a supersonic gas flow at an unperturbed velocity V, directed along the Ox-axis. The
aerodynamic pressure is taken into account according to the linear piston theory [11]. Let us assume
that the plates are hinged on all four edges.

The equation of motion of a viscoelastic three-layer plate in a gas flow in the absence of
shear forces takes the following form:

0’ 2 p-1y72
s A=h"BV )y -
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0’ 0’ @
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Here y(x,y,t) is the displacement function related to the deflection w(x, y, t) by the following
relation:

w=(1-h*g"V*)y, )
where V2=5*/ox*+6°16)°.
Values of D, ®, g,, Q characterize the cylindrical stiffness of the three-layer package, the

bending stiffness of the bearing layers, the shear stiffness of the filler, and the specific mass of the
three-layer package, respectively; h is the package thickness; N,, N, are the external compressive
(tensile) forces in the longitudinal and transverse directions; q(x,y,t) is an aerodynamic load.



3.Numerical results

An approximate solution to equation (41) is sought in the following form:

i i Xm0 @, (X,Y), 3)

n=l m=1

x(X,y,1)

where functions ¢nm(X,y) are chosen so that each term of the sum (3) satisfies the boundary
conditions at the edges of the plate, and ynm(t) are some functions to be determined. Substituting
(3) into equation (1) and applying the Bubnov-Galerkin method to this equation, we obtain a system
of integrodifferential equations with respect to the coefficients (3). By introducing the following
dimensionless parameters

Xy x
bl b bl h 1
and keeping the previous notation, we obtain
oo . N
A 2wt By 2t [(1_ R*X:kl +E, ]Zm —V*Z; FeinmXa =0. 4)

Here A, Bu, Cu, Exi, Fianm, » V+=Np_a’M*/D are dimensionless parameters.
The calculation results are presented in Tables 1, 2.

4. Discussion of results

From Table 1 it can be seen that an increase in the viscosity coefficient A leads to a decrease
in the critical flutter velocity Vs, by 59% [12-16]. For A=0 and A=0.1, the flutter velocity is 36 and
14.65, respectively. As seen from the table, the result obtained for the elastic plate (4=0) exactly
coincides with the results given in [17].

The effect of external compressive (tensile) forces in the longitudinal and transverse

directions was studied. Table 1 shows that an increase in compressive forces n, (N, = Nxa2 /D)

in the direction of the flow velocity leads to a decrease in the critical flutter velocity. On the

contrary, tensile forces n, lead to the same proportional increase in the critical flutter velocity.
When the forces n, (n, = Nya2 / D) change in the direction normal to the velocity of the

flow V oncoming on the plates, the flutter velocity changes little.
An increase in parameter k; (k, =h?f," /@) leads to a significant change in Vs.. The

studies were conducted for k;=0.1; 0.2; 0.5 and 1.5. It can be seen that with a decrease in the shear
stiffness of the filler (an increase in coefficient «;) the critical flutter velocity of the three-layer plate
decreases.

With an increase in the plate elongation A (1=a/b), the plate length in the flow direction
increases and the elongated edges of the plate approach each other. The latter contributes to an
increase in the relative rigidity of the system and an increase in the critical flutter velocity, which is
observed from the table 2.

The influence of parameter ¢ (aerodynamic damping) was also studied. With an increase in
coefficient & an increase in the dimensionless critical flutter velocity was observed.



Table 1
Critical values of flutter velocity depending on
on the viscoelastic properties of the material

A a B -Ny -ny Ky A (0] g Vier
0 36
0.001 0.25 0.05 0.75 0.45 1 1 0.05 0.1 34.2
0.01 19.45
0.1 14.65
0.1 18.17
0.01 0.5 0.05 0.75 0.45 1 1 0.05 0.1 20
0.7 21
0.01 19.5
0.01 0.25 0.08 0.75 0.45 1 1 0.05 0.1 19.43
0.1 19.42
Table 2

Critical values of flutter velocity depending on the physical-mechanical and geometric
nature of the plate

A a B -Ny -ny Ky A () £ Vigr
3 6.38
15 15.1
0.01 0.25 0.05 1 0,45 1 1 0.05 0.1 17.93
0 23.77
-0.5 26.5
-1 29.6
0.75 2.75 17.15
0.5 19.4
0.01 0.25 0.05 0 1 1 0.05 0.1 19.9
-0.5 20.35
-15 21.3



4 23.7

0.1 70.5

0.01 0.25 0.05 0.75 0.45 0.2 1 0.05 0.1 45.5
0.5 26.4

1.5 16.99

1.2 17.67

0.1 0.25 0.05 0.75 0.45 1 1.5 0.05 0.1 23.5
2 36.82

0.03 12.83

0.01 0.25 0.05 0.75 0.45 1 1 0.07 0.1 25.7
0 194

0.01 0.25 0.05 0.75 0.45 1 1 0.05 0.5 19.6
5 21.82

5. Conclusions

1. Mathematical models of flutter problems for viscoelastic three-layer plates with a
structure asymmetric in thickness, flown around by a supersonic gas flow, were constructed and
developed.

2. A computational algorithm was developed based on the elimination of singularities of
integrodifferential equations with singular kernels, followed by the use of quadrature formulas, for
solving practically important linear and nonlinear problems of the hereditary theory of
viscoelasticity.

3. When modeling flutter problems for viscoelastic three-layer plates, a number of new
effects were obtained:

- it was determined that an account for the viscoelastic properties of the material of the three-layer
elements of the aircraft leads to a decrease in the critical flutter velocity by 30 - 60%;

- it was found that an increase in compressive forces in the direction of the flow velocity leads to a
decrease in the critical flutter velocity of three-layer plates. On the contrary, tensile forces lead to
the same proportional increase in the critical flutter velocity;

- it was shown that an increase in the geometric parameter characterizing the flexural rigidity of the
bearing layers of three-layer structures leads to an increase in the flutter velocity by 25-40%;

- it was determined that a decrease in the shear stiffness of the filler leads to a decrease in the flutter
velocity.

References

[1] E.L Grigolyuk, Finite deflections of three-layer shells with rigid filler, News of the AS USSR, OTN 1
(1958) 26-34.

[2] E.l. Grigolyuk, P.P. Chulkov, On the general theory of three-layer shells with a large deflection,
Reports of the AS USSR, 150(5) (1963) 1012-1014.



[3]
[4]

[5]

[6]
[7]
[8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

E.l. Grigolyuk, P.P. Chulkov, Stability and vibrations of three-layer shells. Moscow, "Engineering",
1973.

V.A. lvanov, V.N. Paimushin, Refined statement of dynamic problems of three-layer shells with
transversally rigid filler and numerical-analytical method for their solution, Applied Mechanics and
Technical Physics 36(4) (1995) 137-151.

V.P. Paimushin, Theory of Stability of Three-Layer Plates and Shells (Stages of Development, State of
the Art and Directions for Further Research), Proceedings of the Russian Academy of Sciences.
Mechanics of a rigid body, 2 (1998) 148-162.

E.l. Grigolyuk, V.I. Mamai, Nonlinear deformation of thin-walled structures, Moscow, Nauka.
Fizmatlit, 1997.

A.l. Smirnov, Dynamic stability and vibrations of three-layer panels in a supersonic gas flow, Reports
of AS USSR, 180 (5) (1968) 1060-1063.

A.l. Smirnov, Natural oscillations and flutter of three-layer cylindrical shells in a supersonic gas flow,
Reports of AS USSR, 186(3) (1969) 533-536.

Rasool Moradi-Dastjerdi, Kamran Behdinan, Free vibration response of smart sandwich plates with
porous CNT-reinforced and piezoelectric layers, Applied Mathematical Modelling 96 (2021) 66-79.
https://doi.org/10.1016/j.apm.2021.03.013.

E.l. Grigolyuk, P.P. Chulkov, Critical loads of three-layer cylindrical and conical shells. Novosibirsk,
Western-Siberian publishing house, 1966.

A.A. llyushin, The law of plane sections in aerodynamics of high supersonic speeds, Applied
Mathematics and Mechanics, XX (6) (1956) 733—-755.

B.A. Khudayarov, F.Z. Turaev, Nonlinear supersonic flutter for the viscoelastic orthotropic
cylindrical shells in supersonic flow. Aerospace Science and Technology 84 (2019) 120-130.

B.A. Khudayarov, F.Z. Turaev, Nonlinear vibrations of fluid transporting pipelines on a viscoelastic
foundation. Magazine of Civil Engineering 86(2) (2019) 30-45.

B.A. Khudayarov, Modeling of supersonic nonlinear flutter of plates on a viscoelastic foundation.
Advances in Aircraft and Spacecraft Science 6(3) (2019) 257-272.

B.A. Khudayarov, F.Z. Turaev, Mathematical Simulation of Nonlinear Oscillations of Viscoelastic
Pipelines Conveying Fluid. Applied Mathematical Modelling 66 (2019) 662-679.

B.A. Khudayarov, Kh.M. Komilova, Vibration and dynamic stability of composite pipelines
conveying a two-phase fluid flows. Engineering Failure Analysis 104 (2019) 500-512.

A.l. Smirnov, Supersonic flutter of three-layer plates, Reports of the Academy of Sciences of the
USSR, 183(3) (1968) 540-543.


https://doi.org/10.1016/j.apm.2021.03.013
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=9244185400&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57204355324&zone=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85055627377&origin=resultslist&sort=plf-f&src=s&st1=khudayarov&st2=&nlo=1&nlr=20&nls=count-f&sid=f0caad17ce9c36abd161aea8c2bcf95b&sot=anl&sdt=aut&sl=37&s=AU-ID%28%22Khudayarov%2c+B.+A.%22+9244185400%29&relpos=23&citeCnt=36&searchTerm=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85055627377&origin=resultslist&sort=plf-f&src=s&st1=khudayarov&st2=&nlo=1&nlr=20&nls=count-f&sid=f0caad17ce9c36abd161aea8c2bcf95b&sot=anl&sdt=aut&sl=37&s=AU-ID%28%22Khudayarov%2c+B.+A.%22+9244185400%29&relpos=23&citeCnt=36&searchTerm=
https://www.scopus.com/sourceid/12507?origin=resultslist
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=9244185400&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57204355324&zone=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85068539483&origin=resultslist&sort=plf-f&src=s&st1=khudayarov&st2=&nlo=1&nlr=20&nls=count-f&sid=f0caad17ce9c36abd161aea8c2bcf95b&sot=anl&sdt=aut&sl=37&s=AU-ID%28%22Khudayarov%2c+B.+A.%22+9244185400%29&relpos=22&citeCnt=12&searchTerm=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85068539483&origin=resultslist&sort=plf-f&src=s&st1=khudayarov&st2=&nlo=1&nlr=20&nls=count-f&sid=f0caad17ce9c36abd161aea8c2bcf95b&sot=anl&sdt=aut&sl=37&s=AU-ID%28%22Khudayarov%2c+B.+A.%22+9244185400%29&relpos=22&citeCnt=12&searchTerm=
https://www.scopus.com/sourceid/21100781412?origin=resultslist
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=9244185400&zone=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85066252031&origin=resultslist&sort=plf-f&src=s&st1=khudayarov&st2=&nlo=1&nlr=20&nls=count-f&sid=f0caad17ce9c36abd161aea8c2bcf95b&sot=anl&sdt=aut&sl=37&s=AU-ID%28%22Khudayarov%2c+B.+A.%22+9244185400%29&relpos=19&citeCnt=9&searchTerm=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=9244185400&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57204355324&zone=
https://www.sciencedirect.com/science/journal/0307904X
https://www.worldscientific.com/author/Khudayarov%2C+B+A
https://www.worldscientific.com/author/Komilova%2C+KH+M
javascript:void(0)
javascript:void(0)

Journal of Mathematical Models and Methods in Engineering 1 (2026)

Journal of Mathematical Models and Methods in Engineering

- i/f journal homepage: https://jmmme.uz/index.php/journal

Reduction formulas for hypergeometric functions and their
application to the comparison of problems solutions for the
Laplace equation and singular elliptic equations

M.O.Abbasova', T.G.Ergashev®’, A.R. Ryskan®

! Namangan State University, Namangan, 160107, Uzbekistan

2 e

Tashkent institute of irrigation and agricultural mechanization engineers” National Research University,
Tashkent, 100000, Uzbekistan

3University of California, 1 Shields Ave, Davis, CA 95616, USA

ARTICLE INFO

ABSTRACT
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coefficients.

The main goal of this work is to prove a number of reduction formulas for the first
Lauricella function, i.e. to determine the set of those numerical parameters for which
the hypergeometric function is expressed in elementary functions. Currently, tables of
partial values for Appell functions of two variables are known; however, these
formulas are insufficient for applications, and therefore, it is necessary to establish
more general relations for hypergeometric functions whose number of variables
exceeds 2. In the first part of the work, we will prove new reduction formulas for the
Lauricella function of three or more variables, generalizing previously known results.
The second part of the paper is devoted to applying the obtained reduction formulas to
the study of the properties of solutions to the Dirichlet and Neumann problems for the
Laplace equation and a singular elliptic equation. The main result of this study is that,
using reduction formulas for hypergeometric functions, it is proven that the solutions
to the Dirichlet and Neumann problems for elliptic equations with vanishing singular
coefficients coincide with the solutions to similar problems for the Laplace equation.

1. Introduction

It is well known [1,2]

that the solution of a wide variety of problems related to heat

conduction and dynamics, electromagnetic oscillations and aerodynamics, quantum mechanics, and
potential theory leads to special functions. They most often arise when solving partial differential
equations using separation of variables or the Green's function method. The diversity of problems
leading to special functions has led to a rapid increase in the number of functions used in

applications.

The great success of the theory of hypergeometric series in one variable has stimulated the
development of a corresponding theory in two and more variables. Appell [3] has defined, in 1880,

four double series F, to F,, which are all analogous to Gauss' F(a,b;c;z). Following the

Appell's work, Lauricella [4] has defined, in 1893, four hypergeometric series F{™, F{"™, F™

* Corresponding author. T.G.Ergashev
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and FE()”) , Which are natural generalizations of the classical Gauss hypergeometric function F and

the Appell functions F, —F, to the case in N complex variables and the corresponding complex

parameters.
The Appell and Lauricella hypergeometric functions play an important role in mathematical
physics. In particular, solutions to a number of boundary value problems for singular elliptic

equations are given in terms of the Appell hypergeometric function F, [5,6] and the Lauricella

hypergeometric  function FA(n)[7,8,9,10]. Under exceptional circumstances, multiple

hypergeometric functions can be expressed in terms of simpler functions, notably in terms of
hypergeometric functions of one variable or, in general, with fewer variables or in terms of
elementary functions. In such cases we speak of reducible hypergeometric functions and of
reduction formulas. Certain trivial reduction formulas are obvious: for example, if one of the two
variables is zero in any of the double series, the hypergeometric series in two variables can be
expressed in terms of series in one variable: such trivial reductions are disregarded in the sequel.
The monographs [11, 12, 13] contain a systematic exposition of summation, reduction, and
transformation formulas, as well as various other developments, covering not only each of the four
Appell functions, but also several families of functions in two variables. Furthermore, the works

[14] and [15] compiled an extensive tables of reduction formulas for the double Appell F, and

triple Lauricella F,§3) functions, respectively.
In this paper, for the first time, reduction formulas are established for the Lauricella
hypergeometric function F,ﬁ”) in N variables and the results obtained are applied to the study of

the properties of solutions of the Dirichlet and Neumann problems for the Laplace equation and the
elliptic equation with singular coefficients in the infinite parts (half-space, quarter-space, half-
quarter-space, in general, 1/2 -part of space) of m-dimensional Euclidean space.

2.Reduction formulas for Gauss and Appell functions at zero parameter values

The Gauss hypergeometric function is defined inside the circle |z|<1 as the sum of the
hypergeometric series [12, p. 109, eq. 2.8(1)]

a,b; ) n
F(a,b;c;z) = FL zjz Z—(a)”(b)“z—, 1)

; n=0 (C)n n!
and for | z|>1, as its analytic continuation. Here 8,b e C n ce C\Zy; Zy :={0,-1,-2,...},
and the expression ), denotes the Pochhammer symbol:

V) =1, (v),:=v(v+1)..(v+n-1), veC, neN, written through the gamma function

I'(v) inthe form (v), =T'(v+n)/T(v), ne{0}UN; Nis the set of natural numbers.

In general, an extensive table is known [16, Chapter 7, Section 7.3], in which the
hypergeometric function for certain particular values of numerical parameters is written in terms of
elementary functions, for example,

1
F 11;2;z)=—| (1-2z)?-1
(a+1,1;2;2) az[( 2) ],astO, )
F(1,1;2;z):—%ln(1—z). 3)

The Appell hypergeometric function F, has a form [12, p. 224, eq. 5.7(7)]

11



a,b,b’;
F,(a,b.bie.cixy)= FZ( c,C’ X’yJ

(4)

- (a)m+n(b) (b) X" y"
= m e XY x4 yi<d,
m'ZH;O (C)m<c’)n min | l |y|
where a,b,b"e C and ¢,c’e C\Z,.

J.Murley and N.Saad [14] compiled an extensive tables of the Appell functions F, . Let us list
some of them that we need to continue our research:

a+211; 1 1 1 1
F, X,y | = 1- - + ,a=0,-1, (5
[ 2,2, J a(a+1)xy{ (1-x)? (1—y)‘3l (1—x—y)a}
. (1 X)A-y) _ Xy
F(2,1,1:2,2:X, —Inl1 . 6
2( xy) xy 1-x-y Xy n[ +1 x—yj ©

However, the table [14] of Appell functions Fz(a,b,l;C,Z;X,y) cannot claim to be

complete in this direction, because in applications of the Appell function F, it is necessary to

calculate the values of this function, i.e. to express it in elementary functions, when some of its
parameters, which are in the numerator and denominator, simultaneously tend to zero.
Hypergeometric functions can be expressed through elementary functions when the same
number of parameters of the numerator and denominator are simultaneously equal to zero.
The following reduction formulas are valid:

limF (a,b; kb; x)_—[(l X) 2 +k - 1] k 0. @)
b—0
limF (a+A4,b+A;kb+2;x) = (1-x)"**, k=0, 1=0. (8)
b—0

Reduction formulas (5) — (8) can be proved by comparing coefficients of equal powers of
variables on both sides.

Theorem 1. For | X|+]|Y|<1, the Appell function F, is given by
F,(a,b,b’;kb, kb’ x, y)|

b=b'=0

k' —1 k-1 1
k-1)(k'-1) +
{( e e E ¥
|:2(a+1,1,b;2,kbix’y)‘b=o

}, k=0,k'#0; (9)

:_i k—1— k-1 + 1 - 1 ,a=0,k=0; (10
akx (1-x)% (1-y)* (@-x-y)°
1 1 Xy
F, (1,1,b;2,kb; X, =—=Inl-x)+—In| 1+ —|. 11
2 Voo = =5 INA=2) - (+1_X_y) (12)

Proof. The well-known Burchnall-Chaundy expansion [17]

c,c; =0 nl(c)(c), c+n; c'+n;
allows one to easily derive the reduction formula (9). Indeed,

12



F,(a,b,b’;kb, kb’ x,y) = F(a,b;kb; x)F (a,b’;kb’; y)

+1;kb"+1;y)

N a(@a+1l)(b+1)(b" +1)
2k -k'(kb +1)(kb"+1)
xF@a+2,b'+2;kb"+2;y) +.... (12)

Next, passing to the limit in both parts of equality (12) as b —0 and b’ — 0, by virtue of

the formulas (7) and (8), after reducing similar ones, we obtain the reduction formula (9).
Applying the formula (7) to the expansion [16, p. 413, eq. 6.7.1(4)]

F,(a,b,b;c.cix,y)= ZMy”F(aJrn,b;c;x), Ix|+]y|<1
n=0 n!(C )n
for b'=1, ¢’ =2, and passing to the limit as b — 0, we obtain the required formula (10).

Formula (11) follows directly from the reduction formula (3). Theorem 1 is completely
proven.

x?y?F(a+2,b+2;kb + 2;x) x

3.Reduction formulas for the multiple Lauricella function Fé”)
We introduce a following notation:

b:=(b,...b,), c:=(cp,sCy)y X:= (KXo Xy )i [ K= kg +.o K, kg =0,k 0.
The Lauricella hypergeometric function F,ﬁ”) in neN (real or complex) variables is
defined as [4] (see also [11, p.114])

n n a1b11""b ;
F (a,bicix) = F >( e xl,...,xn]
b) : Xl.(j n
- Z( )|k|H —;I : Z'Xj <1, (13)
k=0 € Kt | 1=
where a,b,,...,b, €C, c,...,c, e C\Z,.

Clearly, in definition (13) we have F) =F and F® =F,, where F and F, are Gauss
and Appell series defined in (1) and (4), respectively.

Using the properties of the Pochhammer symbol, the Lauricella function F,§”) can be
expanded into hypergeometric functions with fewer variables:

o0 (a')mn (bn)mn er]nn
=0 (cn)m m,!

b)
- Z (a)|m|H (a+|m |!bn’cn’xn) (15)

Im’|=0
mj
'

where b':=(by,...,b, ), C':=(Cl, o Cp_ ) X' 1= (Koo Xgg ) [ =My 44 my

F" (a,b;c;x) = F (a+m,,b’c;x) (14)

n
Theorem 2. For > | x; |+| y|<Z1, the function F,§n+l) in n+1 variables is given by
=

13



a 11b111 a’b’ a’b’
c,2; ay c; ay(1-y)* ¢ 1-y

where a#0; b,...,b,€C, c,...,c, e C\Z,.

Proof. Using expansions (14) and (15), the Lauricella function Fy
be easily represented in the form

(1) in n+1 variables can

k.

) j
F{mD a+1’k.”1 Z(a+1)|k|H i F(a+1+|k|1;2;y). (17)
C,2; =) (c )k '-

Applying the well-known reduction formula

1

F(a+1,1;2;z)=—| (1-2)*-1|,a=0,
( )= —|(1-2)"-1]
to the right-hand side of (17), we obtain
a+1,b,1; (a+1) b; k xJ ~
Fé””’[ X yj =3 'k'H - @-y -1
C,2; Y=o a+|k]| j=i (c; )k k;!

The last equality directly implies equality (16). Theorem 2 is proved.
Corollary 1. If a#0,-1,...,—(n=1); beC, ceC\Z,, then the following reduction

formulas

a+n,l,---;11b’ ( 1) (_l)“nl y
F o Xy |= > ———F a,b;c;1 vl (18)

2,....2.C (a) H( ) l,<{L..., n}(]__XI ) YR
n n
1)°
F(n)(a+81 11 b3+11 1bn;21 121C3+11 1Cn1X]_1 IX j_ ( X
; ; (@)sT1(x)
( 1)|IS| (n-s) X541 X
X ————F, a,bg,q,.0,C g, Cp L, — (19)
|Sg§..,s}(1 X S) L T X,
are valid.

Here and below, |, denotes any subset of the set of first N natural numbers {1,2,...,n}, i.e.,

the right-hand sides of the reduction formulas (18) and (19) consist of 2" and 2° pieces of terms,
respectively; X, = %, X =0; |1, isan element’s number of set I, [&[=0; TT(X,) is

iel,

a product of the first K variables of the Lauricella function (lé k < n).
Examples.

_1\n _ “nl
F"la+n1,..12,..,2; j:& L (20)

n n (a)nH(Xn)|ng{1 ..... n}(]__)(ln)

n
F"ndl,..12,.,2;x |= (-1) > (=1 |In 1 (21)
N N (n—l)'H(X ) l,<{1,...n} X'n

14



It should be noted that formulas (20) and (21) are natural generalizations of the reduction
formulas (2), (5) and (3), (6), respectively.

n
Theorem 3. For > | x;|<1,and k; #0 ..., k; #0, the function FA(n) is given by

j=1
F(”)( Dy X, .,an -_1 3 L —.
1b1 g n n’ b=0 klkZ"'kn In (l_x|n)

Proof. We prove the reduction formula (22) by mathematical induction. Formula (22) is true
for n=1and N =2 (see eq. (7) and (9), respectively).

Let us assume that formula (22) is valid for any natural number n. We will prove that it is
also true for n~n+1. We write the expansion (14) in the form

F(n+1) a’bl n+1; X, X
A kb, kb k b m

1 nMn M+l n+1'

= (@)s (Dnia ), XSq [ @+ S by
E(k ), St P Kby ko

n+1
:Fp(\n)[ bl Y n’ X]‘F i(a) (l+bn+l) n+1 F(n)(a—*_Sbl ] n’X].
1bl " n n’ kn+1 s=1 (1+ kn+1bn+1) s! 1b1 ’ n n’

Passing to the limit in the last expression as b —)O and b,,, > 0, by virtue of (22), we
obtain

a " 1 1)
F,&m—l){ bl kb nk n+t1) X,Xn+1j
lbl 1™ Bn+Mn+1

(22)

b=0,b,,,=0

S

= 1 Z 1 Z (a) n+1
k1k2"'kn I, <{L., n}(l_ XI ) s=1 sl | 1- X

Now, taking into account the easily verified equality

i(a)s( X . T:( (1—X|n)a .

s=1 S! 1_X| 1—X|n _Xn+1)a

after several transformations, we have

F (n+1) a, bl n+l; X, X
A kb, kb k b m

N 4l n+1’

1 1

2.

=T . - a!
bZO’er_l:O klk2 ' .kn kn+1 |n+l§{1 ..... n+1} (1 —_ X |n+1 )

which is what was required to be proved. Theorem 3 is proven.
Theorem 4. Let S be a natural number (1<5<n) and n be the number of variables of the

n
Lauricella function F{". For 3| Xj|<l,and kg, #0 .., k, #0, the function FVis given by
j=1
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F(”)[a+sl D002, 2, K b K DX Jb »
S S s+.1-
b, =0

_ (-1) ) L 1 . (23)

(a)sH(xs)ks+1...kn I,<A{1,....s} J{sH,..., n}(l_ Xls _ XJn )a

Proof. Reduction formula (23) is proved by mathematical induction, similar to the proof of
the reduction formula (22).

4.Applications of the obtained results

Let R, be m-multidimensional Euclidean space (M>2), X:=(X.,....X,) be an

arbitrary point in it, N be a natural number, where N<m. We define the 2"th part of the
Euclidean space R, as follows:

Q=07 = {XEER xi>O,i:1,...,n;—oo<xj<+oo,j:n+1,...,m}.
We consider the Laplace equation

m A2
Za_ = (24)
i=1 6X
and generalized singular elliptic equation
mo%u 825 du
O =3+ 2 "2 0 @)

i=1 8 J—]_ X 8X
in Q, where & = (..., ) is avector and «; are real numbers: 0 < 2¢r; <1, j=1,...,n.

In the case M = 2 the detailed bibliography and exposition of studies of basic boundary value
problems for equations (14) and (25) can be found un the monographs [18] — [20].

In this paper we set m > 2.

We denote:

S X% >0,..,%4>0%x =0,X%_,>0,..,x,>0;
K —0 < X; <400, j=n+1..,m ’
. . m 2.
i = (Xeseees X1y Xiareees Xnyoeos Xy ) € S S Rpgs oy = Zizl,i;thk’

E=(&nén)eRns & =& & Earron EnreenEn ) €Sy S R
r_\/i(xi_‘fi)zi h, = Z(Xj+51)2+ 2 (Xj_fj)z;rfazr'

j=1 jely jefd,...miIy,

Dirichlet problem D . Find a solution u(X) € C(f_l) mCZ(Q) to the Laplace equation
(to the singular equation (25)), satisfying the conditions
u(x) 0=0 = 7. (%), X €Sk, K=1,n, |imu(x)=0,

R—w
where 7, ()?k) are given functions such that 7, ()?k) = O(Gk_g), 6, > o, e>0,k= 1,n.

In addition, the functions 7, ()?k) satisfy the concordance conditions

16



7. (0) = 7;(0), 7, (%)

The solution u( )( ) of the Dirichlet problem D,;'f,"n for the Laplace equation (24) in QQ has
a form [21]

szozfj()zj) X =0 k# ], k,j:ﬁ, 0:= (O,---,O)anm,l-

. F m/2 n ©© o o o “n\k‘ B
0 )="AS T T [ (@) T e e
k=1 0 n_(1) *wm_: T Ik

and the solution ug‘) (X) of the Dirichlet problem D,ﬁyn for the singular elliptic equation (25) in

() is also known [8]:

u;m(x):éz.z (-] 2(E)T(xE)dE, @)

2y (1) Bl-a,...1- 11— ,...1-a,; 5
2-2ay,...2-20, 4,220 4,....2 - 20,

4x§

P = (P Pt Pt Pa )y P == =k, j=1n,

k

m—2 n T ﬂ n| T'l-«a.
B = +n_zlaj’ 7n :22'Bn i 72(_m/r2])1_{ 1_,((2 2;)) .
j= j= —4Q;
w20) 772 - T
X =H[xj } &= T1 [&] 1<k<n.
=1 j=1, j=k

Theorem 5. Let the functions u( )( ) and u((ln) (X) defined by equalities (26) and (27), be

solutions of the Dirichlet problems Dm,n for the Laplace equation (24) and the singular elliptic
equation (25), respectively. Then the limit relation

limu{™ (x) = u$ (x) (28)
a—0

is valid.
Proof. To prove the validity of the limit relation (28), we use the reduction formula (20) for

a~m/2and n~n-1:

m
—+n-11,....1;
. 2 1= 1=y _ _1 n-1 _1 ||n|
Fi" 1Py F 1) . > A . (29)
2,...,2; (M7 2)qaTT, 4 (B ) 1yt n}\{k}(l—X

n-1

In
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Now, passing to the limit in J (X fk) as a — 0 and substituting (29) into |imu(§”)(x),

a—0
we obtain the solution (26) to the Dirichlet problem Dfﬁln for the Laplace equation (24). Theorem 5
IS proven.
n
Let D, = [ JS, be the union of all n lateral faces of Q.
k=1
Neumann problem N 2. Find a solution u( ) € C(S_)_) N Cl(Q U Dn) NC?(Q) to the
Laplace equation (24), satlsfylng the conditions
ou

OXy

R—o0

Xk =0
where v, ()?k) are given functions such that at the origin they can become infinite of integrable

order, i.e. less than m—1, and v, ()?k) = O(Hk_g_l), 6, — o, >0,k =1,_n,

Neumann problem N, Find a solution u( )e C(g_l) mCl(Q U Dn) NC?(Q) to the

singular elliptic equation (25), satlsfylng the conditions

X2ak a_u
“ OXy

where v, ()?k) are given functions such that at the origin they can become infinite of integrable

order, i.e. less than m—1—2¢, , and v, (%)= O(sza"_g_l), 6 —> o, £>0k=1,n,

=v (%), % €S, k=1,n, [imu(x)=0,

R—

Xk =0

The solution u(”)( ) of the Neumann problem Ngf for the Laplace equation (24) in Q
has a form [22]

~ 1 m-2)\g
(0= ("2 2

T

0 0 0 o0 1 B
J.J. J. I Vk(fk);mdfk, (30)
0 0 » = nk ok

and the solution G{”(X) of the Neumann problem N2 for the singular elliptic equation (25)
in Q is also known [9]:

ag” (x) kZ:IO I 1] v (EIND (& )d&, (31)
=10 0 -o -
n-1 m-n

Al 2= (1) [ Bor Oy O 1y Oyigneens Oy
where N;le(x,gk)_ 7oR, OF ( + " B |,

204,..., 200 1,20 )., 20,

_m-2 3 2 T (o) | T(e)
Po = > +%aj’ 7o=277 2 111 F(Za)
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Theorem 6. Let the functions G (x) and am (x), defined by equalities (30) and (31), be

o,

mn for the Laplace equation (24) and the
singular elliptic equation (25), respectively. Then the limit relation

solutions of the Neumann problems Nr?f: and N

limaS"” (x) = ag" (x) (32)
a—0
is valid.
Proof. To prove the validity of the limit relation (32), we use the reduction formula (20) for
a~(m-2)/2,n~n-1and k =...=k,=2:
m-2 a a1, A (o 1 1
N T A ULy L Uy ’ _
FMD 2 e X1 Xiadeoms X =
[

(m=2)/2"
200 yev 20 1,20l 11,00 200 nik (1—lek)

where @, = (al,...,ak_l,ak+1,...,an).

5. Conclusions

1. The well-known tables for the Appell hypergeometric function are supplemented with new
reduction formulas at zero values of Appell function.

2. For the first time, reduction formulas for the Lauricella hypergeometric function in three or
more variables were established

3. The proved reduction formulas for hypergeometric functions were applied to the
comparison of solutions of the Dirichlet and Neumann problems for the Laplace equations and
singular elliptic equations in infinite parts of Euclidean space.
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ARTICLE INFO ABSTRACT
Keywords: In this paper we introduce a new confluent hypergeometric function of three variables,
confluent hypergeometric list its elementary properties, and construct a system of partial differential equations
function of three variables; that the new function satisfies. We study the behavior of the function and establish an
system of partial differential asymptotic formula for a large values of arguments. The results obtained are applied to
equations; asymptotic formula; solving the Dirichlet problem for the three-dimensional Helmholtz equation with three
three-dimensional ~ Helmholtz singular coefficients in the first infinite octant. The uniqueness of the solution of the
equation with three singular Dirichlet problem in an infinite domain is proved using the extremum principle for
coefficients; Dirichlet problem elliptic equations. Thanks to the established properties of the confluent
in the first infinite octant hypergeometric function of three variables, the unique solution to the posed boundary

value problem is written out in explicit form.

1. Introduction

In study of many applied problems involving thermal conductivity and dynamics,
electromagnetic oscillation and aerodynamics, and quantum mechanics and potential theory arise a
hypergeometric (higher and special or transcendent) functions [1, 2, 3] which are often referred to
as special functions of mathematical physics.

The success of the theory of Gaussian hypergeometric function stimulated the development
of the corresponding theory in two or more variables. Much credit for the further development of
the theory of hypergeometric functions in two variables goes to Horn [4], who gave a more general
definition and introduced the concept of the order of double hypergeometric series. He investigated
the convergence of the double hypergeometric functions and established systems of partial
differential equations that they satisfy. He divided hypergeometric functions into complete and
confluent functions and compiled a list (Horn List) of the second order hypergeometric functions in
two variables. There are essentially 34 (14 complete and 20 confluent) convergent functions of the
second order.
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Lauricella [5, p. 114] first introduced 14 complete triple hypergeometric series (functions) of
the second order and Saran [6] systematically studied of these ten hypergeometric functions in three
variables which belong to the Lauricella’s set. Other hypergeometric functions in three variables
studied in the literature include, in addition to the three-variable analogues of the hypergeometric
functions in many variables, the functions introduced by Dhawan [7], Samar [8], and Exton [9]. An
expansion of the results on the triple hypergeometric series together with references to the original
literature are to be found in the book by Srivastava and Karlsson [10], which is a normal work on
the subject. This monograph also contains a full list of all relevant articles up to 1985. For instance,
Srivastava and Karlsson [10] presented a table of 205 distinct complete Gaussian functions in three
variables together with their sources, if known.

Despite many applications of confluent forms of hypergeometric functions of more than two
variables, they have been relatively little studied. In the works of Jain [11] and Exton [12], some
functions were studied that are confluent forms of the complete hypergeometric functions in three
variables.

When the number of the variables exceeds two or three, some confluent forms of the
multiple Lauricella functions are defined in [10, pp. 34 - 36] as an applications of which, the self-
similar and fundamental solutions of the second order multidimensional systems of partial
differential equations with singular coefficients are constructed in explicit forms (see [13]).

The plan of this paper is as follows. In Section 2 we briefly give some preliminary
information, which will be used later. In Section 3 we define new confluent hypergeometric
function in three variables, write the system of partial differential equations, which satisfies new
confluent function, find behavior and asymptotic expansion formulas. Sections 4 and 5 are devoted
to the applications of the confluent hypergeometric functions. In Section 4 we formalize the
Dirichlet problem for the Helmholtz equation with the three singular coefficients in the first infinite
octant and prove the uniqueness of the solution to the problem. In Section 5 we find the solution of
the Dirichlet in explicit form.

2. Preliminaries

The Gaussian hypergeometric function of the complex varible z is defined inside the circle
| z|<1 as the sum of the hypergeometric series [14] :

Fabcz)=y @n®n 2 oo 4 5 1)
n=0 ( ) n!
where a, b, c are arbitrary complex numbers which are called the parameters of the
hypergeometric function; (4), =T'(1+n)/T'(1),n=0,1,2,...; I'(z) is a famous Euler’s
gamma-function.
The following function

al""’ap;z 2 (Oll)n...(a’p)nﬁ
qu{ﬂl,...,/fq; }ngo(ﬁl)n,,_(ﬂq)n o

is known as the generalized Gaussian function [14], or simply, the generalized hypergeometric
function. Here P and Q are positive integers or zero (interpreting an empty product as 1), and we

()

assume that the variable z, the numerator parameters &g...., ap, and the denominator parameters

Brr s /3, take on complex values, provided that f3; # 0-1,-2,...; j=1,..9.
The Bessel function is defined as a special case of the generalized hypergeometric function:

J (z):#(i)a Flas1 2 -y G (Ejzmm
“ Ma+1)\2) %! 4 SmT(m+a+1) 2 '
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Appel has defined, in 1880, four hypergeometric functions, F; to F, which are all analogous to
Gauss’ F(a,b;c;2z). For instance [15],

F3(a, abbcx, y) _ i (@) (a')n (b)n, (b’)n Ey_n’ max{| x|,y |} <1. (3

m,n:0 (C)m+n m! n!

One of the confluent forms of the Appell function (3) is a following Humbert function

[’e] m n
2, (abicx,y)= 3 Mx—y—,wkl. (4)
m,n=0 (C)m+n m! n!
which satisfies system of partial differential equations
{x(l— XUy, + YU, +[c—(a+b+1)x Ju, —abu =0,

(5)
yu,, + Xu,, +cu, —u =0,

where U =E,(a,b;C; X, y).

At first we clarify the behavior of Z,(a,b;C;X,y) as X —oo. It follows from (4) that the

representation
n

2, (abicxy)=3] Y F(a,b;c+n;x) (6)
n=0 (C)n n!
Is true. Substituting an expansion of the Gaussian hypergeometric function of the form [16, p. 183,
Eqg. (10.13)]

F(a,b;c;z) = O(z‘b)+0(z‘b), a-b#0+1,+2..,z>0

into (6) we obtain the following leading term of (6) as X — o0, |arg(—X) |[< z [16, p. 809, Eq.
(40.42)]:

r'c)r'(b—a)
['(b)I'(c—a)

=, (ab;e;x,y) ~ oRc—-ay)(-x)

N I'(c)I'(a-h)

I'(@)I'(c-h)

where o F (a;y) is the generalized Gaussian function defined in (2).
Now we use the asymptotic expansion (see [17, p. 76])

JFR(v-y) = O{y(l‘zv)’4 cos(Z y + Wﬂ as 'y — oo, (8)

OFl(C_b; y)(_x)_b1a¢ b’ (7)

Then from (7) we find that
Ez (a,b;c; X, y) — O(X—ay(1+2a—2c)/4) i O(X—by(1+2b—20)/4)’ a=b, X, Y —> o0, )

The Humbert function =,(&,b;C; X, Y), a PDE-system (1.5), the behavior formula (7) and

the asymptotic expansion (9) have important applications: in the work [18] an explicit solution of
the Dirichlet problem for the equation

Uyx +Uyy +27aux+%uy—izu=O,0<20(,2,B<1,—oo</1<+oo (10)
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in the infinite first quadrant (X, y): X >0,y >0 is written out through a function (4), the

satisfaction of which for the equation (10) is established thanks to the system (5), and the formulas
(7) and (9) help to show the fulfillment of the conditions of the Dirichlet problem.

3. Confluent hypergeometric function :(232) in three variables
This section is devoted to the study of the one confluent form of the triple Lauricella
function FB(3). The new function under consideration is analogous to Humbert’s confluent

hypergeometric function of two variables =,(a,b;C;X,y) defined in (1.4), and this work is in

some degree complementary to the investigation by Exton [12] on the triple confluent
hypergeometric functions.

The Lauricella hypergeometric function FB(3) is defined by the formula [5]

0 a af a” b bl b” m p
FY(a,a,a",b,b',b"cx,y,2)= Y (@ (&), (&), O (0, (27), x_y_z_ (11)

m,n,p=0 (C)m+n+p m! nl p'

max{| x|l y || z[} <1.
The function (11) has 6 confluent forms [12], one of which can be written as follows

(@) () (3), (B), X" y"

=% (a,b,a’,bc;x,y,2) = i max{|x||y|}<1 (12)

m,n, p=0 (C)m+n+p ml n! pl
Note, the multidimensional analogous of the confluent hypergeometric function 3(232) is
found in [13].
If one sets
0 0 0
O=X—,p=y—,y =7—, (13)
x? Vo e

it is clear that the new function :(232) defined in (12) satisfies the following system of PDE [12]:
[6(0+¢+y +c-1)—x(a+0)(b+0)]ES) =0,
(40 +¢+y +c-1)-y@ +P) b +4)]EF =0,
[w(@+¢+y+c-1)]E5) =0
Using the operators (13), it is easy to get
X(1= X)Uy + YUy, +2U,, +[ c—(a+b+1)x]u, —abu =0,
y(1—y)u,, +Xu,, +2u, +[c—(a'+b'+1)y Ju,—abu =0, (14)
ZU,, + XUy, + YU, +cu, —u =0,
where U=ES) (a,b,a’,b';c; X, y,2).

At first we clarify the behavior of :(232) (a,b, a’,\b’;c;x,y, Z) as X,y —>oo. It follows from

(12) that the representation
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0 al bl n
=% (a,b,a’,b'sc;x,y,2)= Z—( )nl( )Y E,(a,b;c+n;x,2) (15)
n=0 n'(c)n
is true, where =, is the Humbert function defined in (4). Substituting an expansion (9) of the

—

Humbert function =, into (15) we obtain the following leading term of (15) as X,y —> 0,

larg(—x)[< 7, |arg(=y) |< 7:
['(c)(b—a)l(b'-a)
I'(b)L(b)I(c—a-a)

=5 (aba,b;c;x,y,z) oF(c—a-a;z)(—x) " (-y) " +

I'(c)l(b-a)r(a'-b') ) . .

o) (@) (o—asp) e3P0 (=y)

I'(c)l(a-b)r(b'-a) ) .

T (@)T (o) (o—b—a) °HC P~ E) (=) T+
I'(c)C(a—b)(a'—b) ) " N o
@)@ (o=b_b) (e~ (=y) T azbab. a9

Now we use the asymptotic expansion (8). Then from (16) we find that
=9 (a,b,ab5c;x,y,2) = O x By #ztFerertale)

+0 ( @ y—b'z(1—26+2a+2b')/4 ) 40 ( «-b y—a'z(1—20+2b+2a')/4 )

+ O(x‘by‘b'z(l_zc+2b+2b')/4), azba #bx,y,z >0, (17)

4. The Dirichlet problem in the first octant for the Helmholtz equation with three singular
coefficients

Let us consider the following singular Helmholtz equation

20 20 2y 2
Uy + Uy + Uy +7uX +7uy +?uZ -Au=0,0<2a,282y<1 (18)
in the infinite domain Q ={(x,y,z):x>0,y >0,z >0}.
The Dirichlet problem. Find a regular solution U(X,Yy,Z) to the singular Helmholtz

equation (18) which belongs to the class of functions C (Q_Z) uC? (QQ), satisfying the conditions

u(x,y,0) =7;(x,y), 0< X,y <oo, (19)

u(x,0,z) = 7,(x,z), 0<%,z <o, (20)

u(0,y,z) =74(y,2), 0<y,z <o, (21)
limu(x,y,z) =0,R=/x* +y* + 2%, (22)
R—o0

where 7, (t,S) are given functions such that
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z‘:1()(1 y)

(X, y) = T (%,y)eClO<X,y<w),g>2-2a-25, (23)
1 2 2 (l+a+ﬂ7)/+gl)/2 1 1
(1+x +y )
7,(X,2) = 7(X.2) T,(X,2)eC(0<X,2<w),6,>2-2a -2y, (24)
2 2 2 (1+a—ﬂ+y+52)/2 2 2
(1+ X +2 )
r(y,2) = UL gy 2 eCey,z<m)e>2-26-2.  (25)
1—a+ﬂ+y+£3)/2

(1+ y2 + 22)(
In addition, the functions 7;(X,Y), 7,(X,z) and 7,(Y,z) satisfy the concordance
conditions in origin 7;(0,0) = 7,(0,0) = 7,(0,0), and in the lateral ribs of the domain Q:
7,(x,0) = 7,(x,0), 7,(0, ¥) = 75(y,0),7,(0,2) = 75(0,2) 0< X, y,Z < o0, (26)
In the two-dimensional case the Dirichlet problem for the Helmholtz equation (10) in the

infinite first quadrant is studied in [18].
In the paper [19] the Dirichlet problem for an elliptic equation with two singular coefficients

2p

2
Uy + U, + %0, +=~u,=0,0<2a,24<1
X
in the arbitrary domain bounded in the first quarter {(X, y):x>0,y> 0} of the XOy -plane is

solved by a potential theory method and in the paper [20] a solution of the Dirichlet problem for
multidimensional elliptic equation with two singular coefficients

i 2a 2

Zux_x_ +—U,. +—'BuX =0,0<2a,2p<1

=D I D S
in the quarter of the multidimensional ball is found in the explicit form. In the work [21] a spatial
mixed problems and Neumann problem for a three- dimensional elliptic equation with two singular
coefficients

Uy +Uyy +U, +270{uX +%uy =0,0<2a,24<1

are investigated.
Conditions (23) — (25) are essential for the unique solvability of the Dirichlet problem. A
similar problem for the equation (18) under more severe constraints on the data is solved in [22].

Theorem 1. The Dirichlet problem for equation (18) in an unbounded domain €2 can have
at most one solution.
Proof. For the proof of the theorem, it is sufficient to show that the corresponding

homogeneous problem has a trivial solution. For that we denote by €2 the finite part of domain €2
, Which is bounded by planes X =0, y =0, z =0 and a part of the sphere
op ={(X,y,2):xX* +y*+2%,x>0,y >0,z >0}
Let
7 (% Y) =0,7,(x,2) = 0,75(y, 2) =0. (27)

The validity of theorem follows from the extremum principle for the elliptic equations [23].
Indeed, in the domain Qr dueto (10), the function U(X, Y, Z) can attain its positive maximum and
negative minimum on o only.

Let (X,Y,2) be an arbitrary point of domain €2 . Let us take an arbitrary small number
£ >0 and, taking into account (10), we choose R so large that |u(X,Y,z)|<& on og. With

26



suffuciently large R, this point belongs to the domain Q2 and therefore |u(X,Y,2)|< &. In view
of arbitrariness of & we have U(x,y,z)=0. Then u(X,y,z) =0 in the domain Q.

5. Existence of the solution to the Dirichlet problem
We will seek a solution to the Dirichlet problem (18) — (26) in the form

u(x,y,z):iui(x,y, 2),

where U;(X,Y,2), U,(X,Y,2), Us(X,Y,Z) are a solutions to the equation (18), satisfying the
boundary conditions

U (% Y,0) =7(X,¥),u(x,0,2) =0, (0, y,2) =0, (28)
u,(X,y,0) =0, u,(x,0,2) = 7,(x,2),u,(0,y,2) =0, (29)
Us(%, ¥.0) =0, U5(x,0,2) =0, U0, ¥, 2) = 74(y, 2), (30)

respectively.
Lemma 1. If a function 7,(X,Y) can be represented by the formula (23), then the function

u (X y,2)= i(—l)“lulj(x,y,z) (31)

=1
is a regular solution of the equation (18) in the domain (2, satisfying the boundary conditions(28)
and vanishing at infinity, where

21— 2y)x “y P 2 (t,s t“sﬂ
Uy (% y,2)= - ” o5 27
00 1j
1 Iolj plzj _22

:(232)(051 a,Bl- By —pfj]dtds,j=1,2,3,4; (32)

2" —4xt’-4ys’ 4
p11=\/(t—x)2+(5—y)2+22,p12:\/(t+x)2+(s_y)2+22’
plg:\/(t+x)2+(3+y)2+22,p14:\/(t_x)2+(s+y)2+22,

=)

and =5, is confluent hypergeometric function in three variables defined in (12).
Proof. First, we need to make sure that function (32) satisfies the equation
20 2
W + W, +W,, + —W, + ﬂw 42 LW, - AW =0 (33)
X y 4
in the arguments X, Y and z. For this purpose, consider the function

3
W(x,y,z)= Xy P72 20(&,n,8),

where
2
—20| g1-g, p1-py -t L . P A 34
o(&n.¢) 2(“ BB o Tays 2 P ) (34)
:(x—t)2+(y—s) +2%,e=-L ——g“—i—z
o T ayst T A

Calculating the necessary derivatives of function W with respect to variables X, Yy, Z and
substituting them into equation (33), we obtain a following system of partial differential equations
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$(1-S)a.: +nawy, + fo,, +(7/— — 25)0)5 —a(l-a)w=0,

NI, N

n(l-n)o,, +S&u., +cw, + (7/ —-—— 277}60,7 -p(l- o =0, (35)

1
CWyr + S0 + N, +(7/_§ng - =0.

Comparing the system of equations (35) with the system of hypergeometric type equations (14), we
can conclude that the function @(&,7n,¢) defined by formula (34), is a solution to system of

equations (35). Thus, function (32) satisfies equation (18).
Now we will show that function U (X,Y,Z) satisfies condition (19) of the Dirichlet

problem.
By setting t = X+ Zx,S =y + zv, we transform formula (32) for j =1 to the form

_2(1- 27/)“71 X+ 24, erZV)(XJrzﬂja(ervaﬂx

Uy (XY, 2)

W22 » y

1wzl wz? A2
=& g1- 1- By —= 2 wz? |dudv, (36
22(0( wpl-Fry 2 —AX(X+ zu) —4y(y+v) 4 j pav, - (30)

where W:=1+ 1 +v? for brevity.
On the right-hand side of (36) we pass to the Iimit as Z—> 0 and get

00 (1+ 4% +v )(3_2”/2 |

|ingu11(x,y,z):r1(x,y

Using consistently the well-known identity [24, p. 612, Eq. 4.623]
ng( 2 4 b? 2)dxdy = —jqp( )xdx, (37)

we obtain
Iimull(X, Y, Z) = Tl(X, y)

z—0
Likewise, everyone can easily get
limuy; (x,y,2)=0, j=2,3,4.
z—0

So, the following equality is true for the function U, (X, Y, Z) defined in (31):
limuy (X, ¥,2) = 7,(X, Y).
z—>0
Applying the behavior formula (16) to (32) and taking into account the obvious equalities
:011|X=0 = p12|x=0 ,,011|y=0 = p14|y:0 ’/312|y=0 = p13|y:0 ,p13|X=0 = :014|X=0’

1 1
we establish that for ¢ < E and S < E there exist a following limits

|in(1)u1(x, y,z)=0, Iirrgul(X, y,z)=0.
X—> y—
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It is easy to see that as the point (X, Y, Z) tends to infinity, i.e. R — oo, function (32) tends to zero.

To do this, we will use the formula (17) that describes the behavior of the function 5(232) at infinity.
Then, by virtue of (23), we get

0000 2a 20
v 2)<C. 2 t““s“dtds
Uy (%,Y,2)|<Cyyz ££(1+t2 +82)(1+a+/3_y+51)/2 e

0000 2a
+ C12 yl_z'gzl_zy J.J. t SdtdS

ta+p-y+g )2 e
00(1+t2+52)( l) pfil—a Ly

ts?Adtds

(1+a+ﬂ—7+51)/2 34 f—y-a
11

FCopt e | e
+t°+s

1 Gy X2y 2P g2 .[ I tsdtds

(1+a+/3— +& )/2 (38)
00 (142 457 T2 sy

11

At the right-hand sides of inequalities (38), change the variables as follows: t =Ry,
S = Rv. We obtain the inequalities

1-2y 1-2p
1 z C _ C y :
‘ull‘g R242F2e (E) {Rzzlalzﬂ Ki(X,¥,2;R) + =4 (Ej K, (%, Y,Z;R)

1-2
R o

C 2 2 y 125
+ Rl—lg/f (Ej Ks(X,Y,Z;R) +Cyy (Ej (EJ K,(XY,Z, R)}

12V d udy
1+a+’8_7+81)/2Y(2+(Z+,3—}/)/2 )

where

Ky (x, y,z;R)=TT (
00 A

17“vd pdv
1+a+ﬁ—}/+£1)/2Y(3+a—ﬂ—y)/2 ]

Kz(x,y,z;R)=TT (
00 A

2000 Zﬂd d
Ka(x,y,Z;R) = [ ( i
00 A

l+a+ﬂ—7/+gl)/2Y(3+ﬂ_7_a)/2 !

uvd udy
1+05+ﬁ—}/+€1)/2Y(4—ﬂ—7—a)/2 !

K4(X, y,z;R)=TT (
00 A

A:%+y2+v2,Y=l+,u2+V2—%(,ux+vy).

Let us show that these proper double integrals are bounded. Indeed, using the formula (37) and
passing to the limit as R — oo, we find the relations

R—o0

where
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r(aJr1jr(ﬂ+1jr(l+a+ﬂ+27+51j1_(2—27+51j
M. = 2 2 2 2
1= :

4F@+a+ﬂﬂ(2+a;ﬂ_7j

r(2+a—ﬁ+7/—gljr(l—27/+glj
M, = 2 2

2@+2aﬁ(3+“;ﬂ_7j |

F(Z—a+ﬂ+)/—gljr(1—27+glj
M, = 2 2

2@+2ﬂﬁ(3_“+ﬂ_7) |

2
r(3—a—,§+7/—gljr(l—272/+glj
M, = .
ar(=07)
2
From (39), it intermediately follows that
s (%, y,z)‘ﬁm’%ﬂ*a—w’ (40)

where C is a constant.
Now, it intermediately follows from estimate (40) that the function (32) vanishes at infinity.
The Lemma 1 is proved.

Similar statements are also true for functions U, (X,Y,Z) and U3(X,Y,Z) that satisfy the
conditions (29) and (30), respectively, and vanish at infinity, where

U (X, y,2)= i(—l)”luij (x,y,2),i=2,3,

=1

2(1-2p) xeyt? rztst57
Uy (x,y,2) = - > 7” p=r
00 2]j
=@ o Loy Py A
X‘:‘22 a,l—a,}/,l—y, —E,TX":,TZS,TPH dtdS, (41)

,021:\/(t—x)2+y2+(s—z)2,,o22 :\/(t+x)2+y2+(s—z)2,

p24=\/(t—x)2+y2+(s+z)2,p23=\/(t+x)2+y2+(s+z)2,

2(1 2a) 12a _ _},J-IZ'?,tStS
3-2a
J

Us (x,y,2)=

30



2_ 2_ 2
XE(ZSZ) ,B,l_ﬂ:%l—?/;a—i' p3j ; IO3J /1 2-

2’—4yt’—4zs’7'03J
— 2 _ 2 _ 2 _ 2 2 B 2
P =X+ (t—y) +(5—2)", pp =X +(t+Yy) +(s-2),

Py = \/xz +(t- y)2 +(s+Z)2,,033 = \/x2 +(t+ y)2 +(s+z)2.
Thus, we have proved the following theorem

dtds, (42)

3 4 .
Theorem 2. Function u(X,y,z)= ZZ(—I)“luij (X,Y,z), where the functions uj; are
i=1j=1
defined in (32), (41) and (42), is a regular solution of equation (18) in the domain €2, satisfying the
boundary conditions (19) to (22).

6. Conclusion

In this paper we dealt with the three-dimensional singular Helmholtz equation of the second
order. In the future, the study can be developed in two directions: firstly, towards increasing the
dimensionality of the equation, secondly, towards increasing the order of the equation, it would be
necessary to consider the above-studied problem at least for the third order singular partial
differential equation.

Because, at the present all fundamental solutions of the multidimensional Helmholtz
equation with the singular coefficents
m A2 n
28 lZJ £ 2¢; ou
i=1 8Xi k=1 X 8Xk
are expressed by a multiple confluent hypergeometric function defined in [25]. In addition,
particular solutions of the more general equation
k A2 k 2c- n 2 n 2a- _

YU, U 5 O S SN T hd
j:lan j=1 Xj aXJ- j:k+18Xj j=k+1 Xj aXJ-
are currently known [26].

In the multidimensional case, only KapileviC [27], in 1952, has solved the Dirichlet
problem for the Helmholtz equation with the single singular coefficient (i.e. N =1 in Eq. (43)) in
the half-space.

To study third-order partial differential equations, all results on the high-order
hypergeometric functions are required. For instance, the following degenerating model parabolic
equation of the third order

x"yMu, —t*y"u,, —t“x"u,, =0,m,n,k = const >0
has 9 linearly independent particular solutions [28] which are expressed by, so called, a Kampé de
Fériet’s hypergeometric functions in two variables [10, p. 27] the order of which exceeds two. For
the study of high-order hypergeometric functions, expansion formulas are very important, which
allow us to express a given multiple hypergeometric function by the infinite sum of hypergeometric
functions of lower order. In a recent work [29], expansions of the Kampé de Fériet’s functions are

established.
The study can be started with solving the Dirichlet problem for a four-dimensional equation

~2%=0,0<2¢, <1,m>21<n<m (43)

Uy + Uy + Uy, + Uy +2705uX +27’8uy +2—Z7/uZ +2t—5ut ~2%u=0,0<a,pB,7,0 <112 (44)

using the results of the work [30] devoted to the Dirichlet problem for equation (44) at A =0.
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ABSTRACT

The paper addresses computer systems for the recognition of discrete objects encoded
by binary and bipolar feature vectors. It is shown that the well-known Hamming
neural network, which uses the scalar product of bipolar vectors and the Hamming
distance for recognition, does not allow the application of more refined similarity
functions when object features are binary-encoded. Modifications of the network
architecture are proposed, implementing computing systems for evaluating object
similarity using the Jaccard, Russell-Rao, Sokal-Michener, Kulczynski, and Yule
functions. Neuron and neural block structures are developed that ensure data
transmission between the network's layers and perform diagnostics of systems for
determining the operability of recognition algorithms through the parallel computation
of match/mismatch variables for the features of compared binary vectors. A numerical
example is given, confirming the correctness of the proposed computer tools for
classification. It is shown that the developed approach extends the scope of application
of neural-network-based computer systems for recognition and makes it possible to
synthesize networks that determine several equally valid solutions simultaneously.

1. Introduction

The scalar product of vectors is often used in solving a variety of problems involving the
determination of affinity (similarity or relationship) between different binary objects. In particular,
the Hamming neural network [1 — 3], which uses the DB scalar product of two bipolar n-bit vectors

D=(dy,....d,), B=(by,..., b,

n
DB = db, =8, —r=2a,-n 1)

k=1

where a,, is the number of identical bipolar components in vectors D and B; r is the Hamming

distance between vectors D and B (the number of distinct components in the vectors under
consideration) a,, +r=n, used in black-and-white image recognition based on the number of

matching bipolar components, taking the Hamming distance into account
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The number of identical bipolar components in the vectors can be regarded as a measure of
similarity between these vectors. For identical vectors, this measure of similarity reaches a
maximum value equal to the number of binary bits in the vectors being compared. The similarity
measure takes its minimum value, equal to zero, when the vectors being compared do not share a
single binary bit with identical components.

The concept of the Hamming distance and measures of similarity (2) is based on the number of
mismatched or matching bits in the binary vectors being compared. However, in [4 — 10], it is noted
that a more refined classification can be introduced for the compared binary vectors using the
special Table 1 when binary encoding the vectors D=(d,,...,d,), and B=(b,...,b,), which

contain the encoded features of certain compared objects.

Table 1
Relationship between the features of a pair of objects (binary vectors)
D\B 1 0
1 a e
0 f b

The variable a in Table 1 is introduced to calculate the number of features (the number of
components of binary vectors that are 1) that are present in both objects D and B simultaneously. It
is calculated using the following formula:

a=>db, (3)

The scalar product (3) of the binary vectors D and B is used to compute the similarity parameter
(a measure of similarity between binary vectors) in the ART-1 discrete neural network [1, 2].
However, using only the nonzero components to assess the similarity of two binary vectors
significantly limits the ability to make a more nuanced comparison of these vectors. To do this,
knowledge of the variables b, f, and e (Table 1) is required.

The variable b in Table 1 is used to count the number of features (the number of zero
components in the vectors) that the objects under consideration do not simultaneously possess

b=3(1-d,)a-b,) @
v=l

The variable f is used to count the number of attributes that object (vector) B has but object D
does not. The variable e, on the other hand, is used to count the attributes that object B does not
have but object D does:

£ =3 (-d,)h, (5)
v=1

e=Y'd,(1-b,) (6)
v=1
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An analysis of relations (3) — (6) shows that the measure of similarity between objects D and B
increases as the affinity function a increases. The same cannot be said unequivocally about function
(4), since the mere absence of identical features among objects can indicate either similarity
between the objects or their belonging to different classes (when this is the only property they
share). With regard to functions (5) and (6), it can be said that the measure of similarity between
objects D and B is symmetric with respect to these functions.

Various combinations of functions (3) through (6) yield a wide range of affinity functions for
binary vectors (objects whose presence or absence of features is encoded by binary components) [4
— 10]. Here are some of them:

Russell-Rao affinity function:

a a

S = =
Y at+b+f+e n 0
Jaccard affinity function:
a a
S = =
* a+f+e n-b ®
Sokal-Michener affinity function:
a+b
S,=—— 9
5= ©)
Kulczynski 1 and 2 affinity functions:
Sy =—2 10
Y fte (10)
__a @ 1
° 2(a+e) 2(a+f) (1)
Dice affinity function:
a
Sg=———
® 2ate+f (12)
Yule affinity function:
_ab—ef 13
" ab+ef (13)

Here is the research gap. Despite the effectiveness of the Hamming neural network for bipolar-
encoded objects, it cannot be applied directly when the components of the compared objects are
encoded with a binary (0/1) alphabet, nor can it evaluate affinity using functions such as Jaccard,
Sokal-Michener, Kulczynski, and others. The large number of such affinity functions indicates the
absence of a single universal function, and there are no generally accepted recommendations for
choosing among them. This motivates the need for a systematic method of synthesizing neural
networks that can compute arbitrary affinity functions for binary-encoded objects and, optionally,
return several solutions.

The aim of this work is to develop modifications of the Hamming neural network that make it
possible to solve recognition problems for discrete objects whose components are described using
binary components, and where affinity functions of the form (7) — (13) serve as the proximity
measure.
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2. Methods
2.1 Hlustrative comparison of the affinity functions

To characterize the behaviour of the affinity functions, we first perform a numerical experiment.
Example 1. Using the affinity functions (3) — (13) and the Hamming distance r, we compare
three pairs of vectors D and B:
D=(1101110001);
B=(1010111001);
D=B=(1101110001)andvectorsDandB; =(0010001110). The results of the
calculations are presented in Table 2.

An analysis of Table 2 shows that the affinity functions S, — S, behave similarly:

— they take on minimum values for vectors with opposite binary components;

— they take on maximum values for pairs of identical binary vectors;

— if the vectors being compared are neither identical nor have opposite components, then the
affinity functions S, — S, take on values between their maximum and minimum values.

The Hamming distance behaves, in a sense, in the opposite way—it takes on its minimum value
for identical binary vectors and its maximum value for vectors that do not share a single identical
binary bit.

Affinity functions are not limited to the relations (3) — (13) [4 — 10]. The large number of these
functions indicates that there is no single universal function suitable for comparing any binary
vectors with binary-coded components. Nor are there any universally accepted recommendations
for the application of known functions.

Table 2

Values of the affinity functions for various pairs of vectors
Case alble | f|S1|S|S3|Sa|Ss|[Se|S7|T
Values of
similarity functions
for vectors D and

4 12|12 |2|04/05|06] 1 |2/3[1/3[05| 4

B.

Similarity function

valuesforld_entlca_l 61alololos 0,7 11| 1]05/1]0
vectors D = B = 5

(1101110001).

Similarity function
values for vectors

DandBlwithOO640000001(1)
opposite
Components.

The choice of an affinity function is typically made by analyzing the results of computer
simulations in feature space, encoded by binary components.

2.2 Reference architecture: the Hamming neural network

Hemming’s neural network [1 — 3]. It has n input neurons S,,..., S, (Fig. 1), which receive
information about the bipolar components of the input images D% =(d,...,d%), g =1, L. The
output signals of the S-elements replicate their input signals: Upyrs;, = Uinputs;, = dl, i =1,n. Each

element of the S-layer is connected to each neuron of the Z-layer (Fig. 1). The weights (
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Wi, Wy, ..., Wy, ) Of the connections of neuron Z, (p=1,m) contain information about the p-th

reference image: BP =(b/,....b): wi, =bP/2,...,w,, =bP /2, where the superscript in the

connection weights indicates the layer of Z-neurons.
The activation functions of the elements of the Z-layer are given by:

Oa if Uinput <0,
gZ(Uinput) = klUinput' if 0 < Uinput < Un’ (14)
Un» if Uinput > Un;

where Uiy, is an input signal of a neuron of Z- layer; k,, U, are constants.

Wy T

,2
Wi

Fig. 1. The Hamming Neural Network

When an image D" =(d,, ..., d.) is fed into the neural network, each Z-element determines its
input and output signals according to expressions of the form (2) and (14):
Uinputh =n/2+ 22?=1 Wipd;’

Uouth = gz(Uinputh) =ap, P =1,_m.
The output signals from the neurons in the Z-layer are fed to the corresponding inputs of the
elements in the A-layer (Fig. 1), which have activation functions described by the equation

Uinputp' if Uinputp >0,
Uoutap = g(Uinputp) = 0, if Upppuep <0, p=1, m
s inputp — Y 4 )

The weights of the connections between neurons in layer A are determined by the ratio

L (L if i=),
Vi T =g, if i#j, ij=1, m
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where ¢ is a a constant that satisfies the expression 0<g<1/m.
The layer of A-neurons operates cyclically, and the output signals of its elements are described
by the relationship

Uoutaj (t+1)= g(UoutAj (t)—¢ Z;)n=1, p#j UoutAp(t))v j=1m
under initial conditions Uinpuea;(0) = a;, j=1m.
If there is a single largest input signal among the input signals a, (p =1, m), then as a result of
the iterative process, only one neuron A; will have an output signal greater than zero. Since the

output signals of the elements in layer A are fed to the inputs of the neurons in layer Y, which have
activation functions of the form

1, if Upppye > 0,
gY(Uinput) - {0, if Uinput < 0’

then the output of the Hemming network will consist of only one neuron Y; with a unit output
signal. This signal indicates that, in terms of image similarity (2), the input image D" =(d,,...,d.)
is closest to the reference image BJ = (b/, ..., bJ).

2.3 Modular representation and the proposed synthesis method

Hemming's neural network can also be represented in a more general form (Fig. 2).

The layer of output Y-neurons

| A
UoutA1 .. UoutAp e UOUtAn

[}

A neural network that extracts the maximum
signal (Maxnet)

[} ) |

a . a1 ... a,

A neural network that calculates the measure of

similarity between the input and reference

O O O
d; d5 &, d,

(inputimage D" =(d;, d;,...,d, ....d;)
Fig. 2. Block diagram of the Hamming neural network

This representation of the Hamming neural network shows that the two main blocks of the
network can be modified independently of one another. In particular, instead of a Maxnet, a neural
network that identifies several identical maximum signals can be used. This makes it possible to
find reference images that are all at the same minimum distance from the input [3, 11]. It also
follows from the network architecture (Fig. 2) that the block calculating the measure of proximity
between the input and reference images can compute various measures of proximity. The relative
independence of the main blocks in the Hamming neural network makes it possible to propose
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neural networks both for working with binary images (vectors) and for using various affinity
functions of the form (7) — (13) between the input and reference binary images.
In the Hamming neural network (Fig. 1), the scalar product of two binary vectors

D =(d,...,d;), B =(b,...,b,) iscomputed as follows:

DB=Zn:dibi =(a+b)—(f +e) (15)

i=1

where a, b, f, and e are variables defined by equations (3) — (6), with vector D being the input vector
and vector B being the vector of neuron connection weights used to compute the scalar product.
Since (a+b)+(f +e)=n, we can derive from (15) that

n
i=1
or

@by ="+ 13 ap,
2 24t

In a Hamming neural network, the value of the expression (a + b) is computed using a single
neuron (Fig. 3). In the case of binary encoding of object features or binary vectors, it is not possible
to use a Hamming network to compute the scalar product of two vectors. Most of the affinity
functions (7) — (13) cannot be computed using a single neuron either. To compute these functions,
one must first determine functions (3) — (6) using separate neurons and then use them to compute
the affinity functions (7) — (13).

b 12 b, /2 b, /2
d, d, d,
Fig. 3. A neuron for computing the scalar product of two bipolar vectors in a Hamming neural
network;
n/2, b/2, b,/2, ..., b,/2 are the neuron’s connection weights; d,, d,, ..., d, are the

components of the input vector.
Figure 4 shows a neuron for computing the variable a. The neuron’s G; input signals are
determined by the components of the binary vector D, and the connection weights are determined

by the components of the binary vector B =(b, , ..., b,). Figure 5 shows a block for computing the

variable b (Equation (4)). In this block, using the summing elements >, ..., >, the input signals
(1-d;), @-dy,), ..., @d—d,) of neuron G, are first computed; these are then multiplied by the

corresponding weight coefficients (1-b;), (1-b,), ..., (1—b,) and subsequently summed by the
element G, . This leads to the computation of Equation (4). If, in Fig. 5, the input signals d, , d,,

..., d,are applied to the inputs of neuron G, instead of the signals (1-d,), (1-d,), ..., 1—-d,)
computed by the summation elements, then neuron G, will compute the variable e (Equation (6)).
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To compute the variable f (Equation (5)) in Fig. 5, it suffices to replace the weight coefficients
(1-by), @-b,), ..., 1—b,)with the corresponding weight coefficients (b, ,...,b,).

Fig. 4. A neuron for computing the variable a; by, b,, ..., b, are the neuron’s connection weights;
d,, d,, ..., d, are the components of the input vector.

Given neurons or neural components for computing the variables a, b, f, and e, it is
straightforward to derive neural networks for computing any of the affinity functions (7) — (13). Let
us consider the most complex of these — the Kulchinsky 2 affine function. The neural network for
calculating the proximity measure between the input and reference images is shown in Fig. 6.

Similarly, a neural network can be synthesized to compute any other affine function from the
given list. In particular, Fig. 7 shows a neural network for computing the Yule affine function
(equation (13)).

o) O l ©) O O
1 1

Fig. 5. A neuron for computing the variable b . The following notation is used in the figure: (1-b,),
(1-b,), ..., (1—Db,) are the connection weights of the neuron ; G,; 2, ..., 2, are summing
elements for computing the G, neuron’s input signals.
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a/2(a+e) 4 * a/2(a+f)
| |
A |
2(a+e) 2(a+f)
z >
i
! i -
a b e f
(VYY) ['YYY) [YYY) 1\ (YY)
@) O @)
d, d, - d, . d

Fig. 6. Neural network computing the Kulchinsky function 2.

S7

T(ab—ef)/(ab+ef)

'Y
ab+ef ab—ef
| |
Z 2z
A [
ab ef
X X
A }
— |7 |
a b e f
YY) i [YYY! Y]
@) O @)
d, d, . d, d

Fig. 7. Neural network that computes the Eul's affinity function.
3. Results
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The numerical experiment (Example 1, Table 2) yields the following primary findings on the
behavior of the affinity functions S1 — S7:

- they attain their minimum values for vectors with opposite binary components.

- they attain their maximum values for a pair of identical binary vectors.

- for vectors that are neither identical nor opposite, S1 — S7 take intermediate values between
their maxima and minima.

In contrast, the Hamming distance behaves oppositely: minimal for identical vectors and
maximal for vectors sharing no identical digit.

The affinity functions are not exhausted by (3) — (13) [4 — 10]; their large number indicates the
absence of a single universal function, and there are no generally accepted recommendations for
their application. In practice, the affinity function is chosen through computer simulation in the
binary-encoded feature space.

The methodological results form a complete constructive synthesis procedure:

- elementary blocks compute a (Fig. 4), b, e, f (Fig. 5) directly from binary inputs;

- composite networks realize complex functions: Kulczynski 2 (Fig. 6, S5) and Yule (Fig. 7, S7);

- the modular architecture (Fig. 2) permits independent substitution of both the similarity-
measure block (any of S1 — S7) and the Maxnet block (several solutions).

Thus, networks were obtained that operate directly on binary vectors and evaluate a broad family
of affinity measures, whereas the original Hamming network is restricted to bipolar encoding and
the similarity of Eq. (2).

4. Discussion

The results confirm and extend prior work [4 — 7] on the diversity of affinity measures for binary
objects. Whereas the standard Hamming network [1 — 3] relies solely on the bipolar scalar product
and effectively on a single criterion (Eq. 2), our modular reinterpretation (Fig. 2) reveals that the
proximity-measure block and the decision block are functionally decoupled — the key insight
enabling direct realization of the whole family S1 — S7.

Comparison with the Hamming distance (Table 2) clarifies why the bipolar network cannot be
reused for binary encoding: the Hamming distance and the affinity functions respond in opposite
directions, and functions such as Jaccard (8), Sokal-Michener (9), Kulczynski (10) — (11), Dice (12)
and Yule (13) require the joint quantities a, b, e, f, which the single scalar-product neuron (Fig. 3)
cannot produce. Our method resolves this by materializing a, b, e, f as separate blocks (Figs. 4 — 5)
and composing them with adders, multipliers and dividers (Figs. 6 — 7), generalizing the ART-1 use
of the binary scalar product [1, 2] far beyond the single feature a.

Replacing Maxnet by a network isolating several equal maximal signals [3, 11] allows reporting
multiple equidistant reference images — particularly relevant since different measures can produce
ties.

A recognized limitation, consistent with [4 — 10], is that no single affinity function is universally
optimal; the choice remains task-dependent and is settled through simulation. The proposed method
does not remove this need but provides a uniform, replicable way to instantiate whichever function
is selected, lowering the cost of experimentation.

5. Conclusions

The Hamming neural network is an effective tool for recognizing and classifying discrete objects
encoded with a bipolar alphabet, where the proximity measure is the difference between the number
of identical bipolar components and the Hamming distance. However, it cannot be applied under
binary encoding, nor can it evaluate affinity using the Jaccard, Sokal-Michener, Kulczynski and
similar functions.

To overcome this, a method for synthesizing neural networks that assess binary-vector proximity
using these affinity measures has been developed. Building on elementary blocks that compute a, b,
e, f, the method constructs networks for arbitrarily complex functions, as demonstrated for
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Kulczynski 2 (Fig. 6) and Yule (Fig. 7). This extends the applicability of neural networks to tasks
relying on finer proximity features of binary-encoded objects.

Moreover, because the modular architecture allows Maxnet to be replaced by a network that can
determine several solutions (when they exist), it is possible to synthesize networks returning a
predefined number of solutions. The main significance of the study is twofold: it broadens the class
of similarity criteria realizable by Hamming-type networks, and it provides a uniform, replicable
synthesis procedure for both the proximity-measure and the decision stages.
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ARTICLE INFO ABSTRACT

Keywords: This paper focuses on formulating and proving some identities involving
Hypergeometric functions, hypergeometric functions. The main result generalizes an identity previously proven
Mathematical identities, for specific cases, specifically for m=1 and m=2 with b=a—1. To prove

Laplace transform,
Kampé de Fériet function,
Differential equations

the primary identity, the Laplace transform method is employed. The mathematical
proof also utilizes the notations introduced by Srivastava and Daoust, as well as the
properties of the Kampé de Fériet function. Additionally, a second identity is
formulated and presented. These generalized identities can be actively applied to
analyze and solve various boundary-value problems in the theory of differential
equations.

1. Introduction

Hypergeometric functions have a wide range of practical applications in physics, engineering,
mathematical statistics, and various other scientific fields. Notably, they are extensively used as a
powerful mathematical tool for analyzing and solving complex problems within the theory of
differential equations.

In the existing literature, numerous boundary-value problems and fundamental solutions have
been successfully constructed by utilizing the unique properties of hypergeometric functions [1-6].
For instance, Salakhitdinov and Urinov explored eigenvalue problems for mixed-type equations
featuring two singular coefficients [1]. Similarly, hypergeometric functions have been instrumental
in finding fundamental solutions for the generalized bi-axially symmetric Helmholtz equation [3, 4]
and certain classes of three-dimensional elliptic equations with singular coefficients [5].

Furthermore, obtaining explicit solutions to specific boundary-value problems often requires the
use of mathematical identities containing hypergeometric functions [7-11]. Such identities have
played a crucial role in solving the Cauchy problem for degenerating hyperbolic equations of the
second kind [7, 9]. They have also been actively applied to the Tricomi problem for elliptic-
hyperbolic and parabolic-hyperbolic type equations [8, 10] , as well as for solving non-local
boundary-value problems [11].

The present work builds directly upon these foundational studies. Specifically, the core identity
(1) discussed in this paper was initially proven by N. K. Mamadaliev for the specific case where
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m=1 and b=a-1 [8]. In a subsequent study, this result was extended and proven for the case
where m=2 and b=a-1 [10]. Motivated by these previous achievements, this article aims to
formulate and rigorously prove a generalized identity involving hypergeometric functions, which
can further broaden their application in the theory of differential equations.

2. Preliminaries and Notation

To establish our main identities, we first need to recall some foundational definitions and
notations. Multiple hypergeometric series can often become cumbersome to write and manipulate.
However, they can be elegantly and compactly represented using the generalized Kampé de Fériet
function. According to the notation formally introduced by Srivastava and Daoust (1969), this
function in multiple variables is defined as follows:

[a:e(l),...,e(”)]:[b(l): <1)] [b(”) <n)];

o o m,
| AB.B Xy ooy X = Z Q(ml,...,mn)Xi—---xn

c:p®:..;pM 1 An
S MT.Ta4® . sOT. Tam. omT.| MroM=0
[e:p®, oy @] [d® 60 T5.a[d 6],
where the multiple sequence Q(m,,...,m,) is given by the quotient of products of the Pochhammer
symbols:

A B® (M
@ (n)
H(aj )ml6’}1)+...+mnz9}”) ];!:(bj )mll/i(l) ];:!:(bl )mn!ﬂgn)
Q(ml,...,mn): p® p(M

C
SIS s Ty (]
YN § (G ) (R

= ] j=

By utilizing this compact notatlon, we can transform complex multiple sums into a more
manageable and recognizable form. Specifically, if we expand the left-hand side of our proposed
identity (1) into a power series and systematically rearrange the terms, it can be sequentially
rewritten in the following manner:

Z ZH[ J( /2 b)k(4)F(n k+b,—n+k—-b+Ln+k+a;x) =

0 i=1 (n+a)k

—Z Zi1_[( n), @/ 2-b), (n—k+b),(-n+k—b+1), (4x)" x'

k20170 i (n+a), (n+k+a), k! I'
L (=), @/2-b), (-1)'@-n-b),,, (4x)" X
_Z Z)Z;H (n+a),, Q-n-b),, k! Il
[1/2-b:1,..10],1-n-b:L,..12):[-n :1],....[-n, :1};—...; -
= F;;p;-_-g‘) 4x,...,4%,—X

[n+a:1..11],1-n-b:.... -1} ————————— ==

This preliminary transformation is crucial, as it sets the stage for the rigorous proof of our
main theorems using integral transforms.

3. Main Results

In this section, we present the primary findings of our research. The core result is a
generalized mathematical identity that equates a complex multiple summation involving Gaussian
hypergeometric functions to a single hypergeometric function.

Theorem 1. Let the real parameters satisfy a>b>0 and let x>0. Then, the following
identity holds true:

Z ZH[ j( 'ar2- b)"(4)F(n k+b,—n+k-b+lLn+k+a;x) =

0i-1 (n+a),
=F@+n-b,-n+b,n+a;x). (1)
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In the formulation above, the integer parameters are defined such that m,n; eN for
j=12,..,m. Furthermore, the sums of the respective indices are denoted concisely as
n=n+..+n, and k=Kk +...+k_ . The binomial coefficients and the Pochhammer symbol (rising
factorial) utilized in the identity are defined in the standard mathematical manner:

n n! v (= n)k
(kj k!(n —k)"( )

, k=0;
a =
@) {a(a+1)-...-(a+k—1), k eN.
Following a similar logical framework and methodology, we can establish a second
significant identity, which further broadens the scope of our results.

Theorem 2. Assuming that the variable z>0 and the parameters satisfy the condition
ta,2b = -1,-2,..., the following equality is satisfied:

Z ZH( j(:f/aZr)bk) (_j F(C+k,a+b+2k—2n;2b+2k;z):

_ ['(2b)I'(a) 72 (1

z)*"Fl-a-b,1-b;1-a;1-2).
['(a+b)I'(b)

4. Proofs of the Main Results
In this section, we provide the detailed proof for our primary result.

Proof of Theorem 1. To prove Theorem 1, we employ the Laplace transform method. Let
us rewrite the left-hand side of identity (1) in the following form:

=X *"B(a,b,n;X) (2)
where the function B(a,b,n;x) is defined as:
(-D*(@/2-b),
B(a,b,n;x) = ( )
z ZOH (n+a),
XXM 1F(n—k+b,—n+k—b+1,n+k+a;x) (3)
By making the substitution x=1-¢"" (where t >0) in equation (3), we obtain:
(-D*(@/2-b),
B(a,b,n1-e™") = [ j
Z ZO];.[ (n+a),
x(L—e ™)k 1F(n—k+b,—n+k—b+1,n+k+a;1—e‘t).
Next, let us introduce the Laplace transform of this function with respect to the variable t:
®(a,b;n; p) = E%""B(a,b, n;1-e')dt <> B(a,b,n;1-e™).

Using the standard tables of integral transforms (e.g., Bateman and Erdélyi [13]), we use the
following known operational relation:

I'(p)I'(c—a-b+ p)I'(c)

—-tyc-1 . —t
@-e")""F(a,b,c;il-e7) T(c—at p)r(c—b+ p) 4)
Applying formula (4), we find the image ®(a,b;n; p) as:
(-D*@/2-b), ,
®(a,b;n; p) = Z 201:1[( ] nra), 4 x
F(p)F(a+k+n+p D'(a+n+Kk)
F(a+2k b+p)(a+2n+b+p-1)
To simplify the gamma terms, we utilize the generalized reduction formula:
F(n+9)=)I() r>0 (5)
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along with the identity:
(@), =4(al2) (al2+1/2),. (6)
Using these relations, we can rewrite ®(a,b;n; p) in terms of the Kampé de Fériet function:
r'(p)f(a+n+p-Yr(@a+n)
I'a-b+p)'(a+2n+b+p-1
[L/2-b,a+n+p-1:[-n];..;[-n,]
<F 1.1 .
[a/2-b/2+p/2,al2-b/2+pl2+1/2]:—;...;—
By applying the reduction formula for the Kampé de Fériet function (as provided in [12, p.
39, eg. 32]), this multiple series collapses into a generalized hypergeometric series ,F,:
I'(p)I'(a+n+p-I'(a+n)
I'A-b+p)'(a+2n+b+p-1)
[ -n,1/2-b,a+n+p-1 1)
*?lal2-b/2+pl/2,al2-bl2+p/2+1/2
Next, we evaluate the ,F, series at unit argument using Prudnikov's formula (see [14, p. 454, eq.
87]):

®(a,b;n; p) =

®(a,b;n; p) =

'(p)I'(a+n+p-Ir'(a+n)
I'A-b+p)'(a+2n+b+p-1)
><(a/2+b/2+ p/2-1/2),(-al2-b/2-p/2-n+1),
(al2-b/2+pl2),(-al2+b/2-p/2+1/2-n),
Applying the property (a—n), =(-1)"(1-a), , together with formulas (5) and (6), the expression
drastically simplifies to:

®(a,b;n; p) =

I'(p)'(@a+n+p-r(a+n)
F(@a-b+p+2n(@a+b+p-1)
Now, we find the original function (inverse Laplace transform) according to our previously stated
relation (4):
d(a,b;n;p) > 1-eH)*" ' F(b-nl-b+na+nl-e')=B(ab,nl-e").
Making the reverse substitution €™ =1-x, we obtain the explicit form for B(a,b,n;x):
B(a,b,n;x) =x*""F(b—n,1-b+n;a+n;x).
Finally, substituting this resulting expression for B(a,b, n; x) back into equation (2) directly yields
the right-hand side of identity (1). This concludes the proof of Theorem 1.

The proof of Theorem 2 proceeds along the same logical lines and methodology as the proof
of Theorem 1. By rewriting the multiple summation and applying the Laplace transform method,
the expression can be similarly represented in terms of the Kampé de Fériet function. Utilizing the
relevant operational relations for integral transforms and the generalized reduction formulas for
hypergeometric series, the complex series simplifies directly to the explicit form presented on the
right-hand side. Since the underlying analytical steps are strictly analogous to those demonstrated in
detail for Theorem 1, they are omitted here for the sake of brevity.

®(a,b;n; p) =

5. Conclusion

In this paper, we have successfully formulated and rigorously proven generalized
mathematical identities involving Gaussian hypergeometric functions. By systematically employing
the Laplace transform method and utilizing the properties of the generalized Kampé de Fériet
function, we demonstrated that complex multiple summations can be elegantly reduced to a single
hypergeometric function.
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These main results significantly extend previous foundational studies in this area,

specifically generalizing the identities that were previously established only for restricted cases
(such as m=1 and m=2). The newly proven identities not only contribute to the theoretical
development of special functions but also hold substantial potential for broader mathematical
applications. In particular, we anticipate that these generalized identities will be actively utilized as
an effective analytical tool for constructing fundamental solutions and solving various complex
boundary-value problems within the theory of differential equations.
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This study considers the nonlinear dynamics of a rectangular reinforced plate made of
glass-reinforced plastic subjected to a periodic compressive load along one pair of
edges. The model is based on a refined Timoshenko-type theory, which retains
transverse shear and rotary inertia, and it includes geometric nonlinearity together with
Boltzmann-Volterra hereditary viscoelasticity governed by the weakly singular
Koltunov—Rzhanitsyn kernel. The anisotropy of the structure is described by
transformed reduced stiffnesses at an arbitrary reinforcement angle. Applying the
Bubnov—-Galerkin method reduces the problem to a system of nonlinear integro-
differential equations, which are integrated numerically once the singularity of the
kernel has been removed. Two sets of boundary conditions are considered: simple
support and clamping of all edges, with the material, geometry, rheological
parameters, and loading law kept identical, which makes it possible to attribute the
difference in the results to the type of support. The sensitivity of the response to the
reinforcement angle is shown to be governed by the support conditions: for simple
support, rotating the fibers from 0° to 45° reduces the deflection at the midpoint by
roughly a factor of three, whereas for clamping the same rotation changes the
amplitude by about 10% and in the opposite direction. Taking hereditary properties
into account turns undamped vibrations into a decaying process without external
damping, in the same way for both types of support. The clamped plate is found to
require nine retained modes compared with four for simple support, and the reason for
the difference is identified.

1. Introduction

Laminated polymer composites are used in aircraft skins and panels, in blades, and in hull and span
structures. Their advantage over metals lies not in stiffness as such, but in the ability to control it
through the fiber layup and in the energy dissipated by the polymer matrix. Analyzing such
structures requires two properties to be taken into account that are usually ignored for metal
structures. Anisotropy is determined by the reinforcement angle and by the stacking sequence, so
the laminate stiffnesses depend on direction. Creep and stress relaxation develop in the polymer
matrix. Under cyclic loading, part of the energy is dissipated inside the material itself, and this
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dissipation is comparable in magnitude to the external damping of the structure.

The way hereditary properties are taken into account determines both the formulation of the
problem and its outcome. The Voigt model gives internal friction proportional to frequency, which
is not confirmed experimentally: for glass-reinforced plastics, friction over a wide frequency range
is almost independent of the strain rate [1, 2]. The Boltzmann—Volterra hereditary model imposes
no such restriction, while the Koltunov—Rzhanitsyn kernel, with its weak singularity at t = 0,
describes the initial stage of relaxation, where the discrepancy with an exponential kernel is most
pronounced; its parameters for glass-reinforced plastics have been determined experimentally [3].

Under a periodic compressive load, stability is lost not when the static critical value is reached,
but when the excitation frequency falls into a region of dynamic instability, where the amplitude
grows even at loads well below the Euler load. The theory of such problems was developed by
Bolotin [4], who reduced the equations of motion to a Mathieu—Hill equation; the nonlinear effects
of parametric resonance were systematized by Nayfeh and Mook [5], and refined theories of
laminated plates are presented by Reddy [6], Qatu [7], and Whitney [8].

Recent work has made the kinematic model more complex and widened the class of materials
treated. Darabi and Ganesan [9] constructed the instability boundaries of laminated cylindrical
shells using Bolotin's method, Sheng and Wang [10] studied shells made of a functionally graded
material under combined parametric and external excitation, Fu et al. [11] extended the analysis to
porous conical shells in a thermal environment, and Chen et al. [12] showed that the choice of the
kinematic hypothesis shifts the boundaries of these regions. Jain et al. [13] found that the edge
support changes the width of the instability zone at least as much as the loading parameters do, yet
different support schemes have not been compared systematically.

All of this work shares a common scheme: the problem is reduced to a single second-order
equation with periodic coefficients, after which the instability boundaries are constructed using
Bolotin's method. The scheme is economical, but it assumes retention of a single mode and
linearization, and it introduces dissipation through an external coefficient or through a viscous
model, which is inaccurate for polymer composites, where the stress is governed by the entire
deformation history.

For viscoelastic systems an integral operator inevitably appears in the equations of motion, and
after Bubnov—Galerkin reduction the problem becomes a system of nonlinear integro-differential
equations with weakly singular kernels. A stable method of solving them, based on quadrature
formulas and on a change of variables that removes the singularity of the kernel, was proposed by
Badalov, Eshmatov, and Yusupov [14] and developed further by Verlan, Abdikarimov, and
Eshmatov [15]. On this basis a number of problems in the dynamics of viscoelastic thin-walled
structures have been solved [16, 17, 18, 19]: accounting for hereditary properties lowers the
calculated critical loads and turns the undamped vibrations of the elastic problem into a decaying
process.

Within this line of research, the effect of the support conditions remains the least studied. Simple
support admits a trigonometric approximation that satisfies the boundary conditions exactly, and for
this reason it is used in most calculations; clamping requires different coordinate functions and a
larger number of retained modes, and results for clamped plates are reported less often. No direct
comparison of the two types of support for identical material, geometry, rheology, and loading law
is available in the literature known to the authors. Yet the trends established for simple support are
carried over to clamped plates as if they were self-evident. This applies above all to the effect of the
reinforcement angle: choosing the layup is a recognized way of lowering the vibration level, but
whether the effect survives under clamping remains an open question. The answer has a direct
design consequence: if the sensitivity to the reinforcement angle depends on how the edges are
supported, then a layup optimization carried out for one support scheme loses its meaning when
another is used.

The aim of this work is to carry out such a comparison. Within a single model that includes
transverse shear and rotary inertia, von Karman geometric nonlinearity, laminate anisotropy at an
arbitrary reinforcement angle, and hereditary viscoelasticity with the Koltunov—Rzhanitsyn kernel,
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the behavior of a reinforced plate made of glass-reinforced plastic under a periodic compressive
load is calculated. For simple support and for clamping of all edges, convergence with respect to the
number of retained modes is examined, and the time histories of the deflection at the midpoint are
obtained as the aspect ratio, the thickness, the reinforcement angle, and the frequency of the
external load are varied.

The novelty of the work lies in three results. It is shown that the sensitivity of the response to the
reinforcement angle is governed by the support conditions: for simple support, rotating the fibers
from 0° to 45° reduces the deflection at the midpoint by roughly a factor of three, while for
clamping it changes the amplitude by about 10%. The difference is found to persist when hereditary
properties are included, because the integral operator multiplies all reduced stiffnesses by the same
factor and does not redistribute them between directions. It is also shown that for clamping,
convergence is reached with nine retained modes compared with four for simple support, and the
reason for the difference is identified.

2. Materials and methods

Consider a rectangular plate with sides a and b, of constant thickness h, composed of K
unidirectionally reinforced layers. The fibers of each layer make an angle 8 with the Ox axis.
Compressive forces are applied to the edges x = 0 and x = a; these forces vary in time according
to the law
P(t) = Py + P.cosyt 1)
where P, denotes the constant part of the load, P, the amplitude of the variable part, and y the
frequency of the external periodic excitation. The analysis model is shown in Fig. 1.

Reinforcements

Fig. 1. Reinforced plate under a periodic compressive load

Two limiting cases of edge support are considered: simple support along the entire contour and
clamping along the entire contour. All other parameters of the problem are the same in both cases,
and this is what makes it possible to attribute the difference in the results to the support conditions
rather than to the formulation.

The constitutive relations are based on a refined Timoshenko-type theory, which retains
transverse shear strains and rotary inertia [6, 7, 8]. The normal and shear forces Ny, N, T, the
bending and twisting moments M,, M,,, H, and the transverse shear forces Q,, Q, are related to the
midsurface strains and to the rotations of the normal 1., 1, by the relations

(N [A11 12 16 Bi1 Biz Big O 01( 6’(‘) )
Ny ’{2 32 36 BIZ Bzz Bgs 0 0 &y
T 16 Az 66 Bie Bz Bgs O 0 Va?y
) M,  _ Bi1 Bi, Bis Di1 Di Dig O 0 ) 0y, / 0x L2
M, Bi, B3, By Diz Dy Dy O 0 oY,/ 0y
H Bi¢ Bzs Bes Dic Dz Des 0 0 |1ay,/dy+ady,/ox
Qy 0 0 0 0 0 0 A, A ow/ dy + 1,
\Q, / | 0 0 0 0 0 0 A Acsl L ow/ox+y,
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The matrix in (2) combines the membrane, membrane—bending, bending, and shear
characteristics of the laminate.
The operators appearing in (2) are defined by integration through the thickness of the laminate:

* * * 1 *
Ajjp = Y=t Qij i (2K — Zk-1), Bijp = > P Qij o (2i — Zi—1),

Djjp = §211§=1 Qi o(zi = zi—1),  1,j =1,26; Ajjp = K; Yie=1 Q; Pr(zx — zg—1), Lj =45
©)
where z; is the coordinate of the upper boundary of the kth layer and K, is the shear correction
factor. The calculations use K, =5/6, the value adopted in the refined plate theory of
Ambartsumyan and Reissner. The overall formulation of the problem follows [19, 20, 21].
The reduced stiffnesses of a layer rotated through an angle 8 about the Ox axis are written with
the hereditary integral operator included:

Qi1 = [Q11C0549 +1/2(Q12 + 2Q66)Sin229 + szSin49](1 —I')e,

Q520 = [Q115in*6 + 1/2 (Q12 + 2Q46)sin?260 + Q,,c0s*0](1 — '),

Q120 =1[1/4(Q11 + Q22 — 4Q66)51n229 +Q,,(1 —1/2sin*20)](1 —T* )o, (4)
Qes® = 1[1/4(Q11 — 2Q12 + Q23)sin?260 + Qgc0s?20](1 — '),

Qi@ = [Q115in8cos30 — 1/4 (Q1 + 2Q¢e)sin4dd — Q,,sin30cosO](1 — I'*) g,

Q3@ = [Q115in30c0s0 — 1/4 (Qq5 + 2Qg6)sin40 — Q,,sinfcos30](1 — ')
The stiffnesses in the principal axes of elasticity are expressed in terms of the engineering

constants:
Ey Ez E1lz1 Ezlt12

Qll 1—#12#21' QZZ . 1‘#12#_21’ le 1-pq2U21 ) 1—U12U21 '. Q66 12 ( )
where E; and E, are the elastic moduli along and across the fibers, G, is the shear modulus, and

U1, and u,, are Poisson's ratios.
Hereditary properties are taken into account through the Boltzmann-Volterra integral operator

" t
o= [rt-oedr (6)

where I'(t) is the relaxation kernel, t is the observation time, and 7 is a preceding instant of time.

The midsurface strains are related to the displacements u, v, and w in the von Karman sense:

o _du, 1(0w 0 _ 9, 1(ow)? 0o _du v oww
&x = dx t3 (6x> ’ &y = y + 2 (Oy) ’ Yay = y + dx + dx 0y (7)
The quadratic terms in (7) couple bending with stretching of the midsurface and limit the growth
of the amplitude at parametric resonance.

Substituting (1) (2), and (7) into the equations of motion gives
6Nx %u aT 0Ny %v

o= P a*@*wzﬁﬁ
90x a& 9 ow 9 (pow ow
0x+0y+0x(Nxax+T )+a (T +N, )+P(t) Yt q= patz, (8)
oMy | OH o _ ph? %Yy oH "My ph? 0%y
ax = dy Qx = 12 at2 '’ ax —Qy= 12 o2

where p is the density of the material, and py, p,, and q are the components of the external surface
load. The last two equations in (8) describe the rotary inertia of the normal. The term P(t) 9?w/
dx? introduces parametric excitation: the coefficient of the second derivative of the deflection
depends on time.

System (8) in the five unknowns u, v, w, ¥,, and v, is a set of nonlinear partial integro-
differential equations; the integral operator enters through the stiffnesses (4).

The weakly singular Koltunov—Rzhanitsyn kernel is taken as the relaxation kernel

rt) =Ae Ftea1 0<a<l1 9)

with rheological parameters A, a, and § determined from relaxation tests [1, 2]. The calculations
use the values A = 0.0208, « = 0.1, and 8 = 0.00166, obtained for glass-reinforced plastics [3].

The solution of system (8) is sought in the form of expansions in coordinate functions that satisfy
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the boundary conditions of the problem.

The number of retained terms was chosen on the basis of the convergence analysis given in
Section 3: for simple support the first four harmonics were retained (M = N = 2), and for clamping
the first nine (M = N = 3).

Kernel (9) has a singularity at t = 0, so quadrature formulas cannot be applied directly to the
integral term. The singularity is removed by a change of the integration variable, after which the
kernel becomes regular, and quadrature formulas are then applied to the transformed system
following the scheme proposed in [14] and developed in [15]. At each time step this yields a system
of algebraic equations, which is solved sequentially. The initial conditions are taken to be zero.

The calculations were carried out for a plate of KAST-V glass-reinforced plastic [3] with the
following properties: E; = 25.5 GPa, E, = 14.91 GPa, G;, = 4.41 GPa, u;, = 0.2, p = 1900
kg/m3. The baseline geometry is a =b = 0.5 m, h = 0.5 cm, and the reinforcement angle is
6 = 45°. In studying the effect of individual parameters, the aspect ratio A = a/b was varied from
1 to 1.4, the thickness from 0.48 to 0.52 cm, the reinforcement angle from 0 to 45°, and the
frequency of the external load y from 1 to 3; the remaining quantities were kept unchanged.

3. Results

All the curves given below refer to the deflection at the midpoint of the plate. The calculations
for simple support and for clamping were carried out as part of the studies [20, 21]; in the present
paper they are compared with each other for the first time for identical material, geometry,
rheological parameters, and loading law. The deflection is given in meters and the time in seconds.
Each figure has two panels: a corresponds to simple support and b to clamping. All other conditions
within a given figure are the same, so the difference between the panels is due solely to the way the
edges are supported.

Convergence with respect to the number of retained modes was checked separately for the elastic
and for the viscoelastic formulation, since the hereditary integral operator changes the nature of the
solution and could affect the number of series terms required.

“ \ N A TR J‘J\‘ [ o/ /
T

C) d)
Fig. 2. Convergence of the Bubnov—Galerkin method: a and b — elastic problem, c and d —
viscoelastic problem; a and ¢ — simple support (curves: 1 - M =N =1,2-M =N =2,3 -
M = N = 3),band d-clamping (curves: 1 -M =N =2,2-M=N=3,3-M =N =4)
For simple support, retaining the first four harmonics (M = N = 2) gives a curve that is virtually
indistinguishable from the solution for nine harmonics: the difference in amplitude is smaller than

the line thickness. Increasing the number of terms further does not change the result, so the
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remaining calculations for this type of supportuse M = N = 2.

For clamping, four harmonics are insufficient: the solution for M = N = 2 differs noticeably
from the solutions for M =N =3 and M = N =4, whereas the latter two are virtually
indistinguishable. The remaining calculations for the clamped plate use M = N = 3, that is, nine
retained modes.

The difference in the number of modes required is explained by the form of the coordinate
functions. The trigonometric functions used for simple support coincide with the natural vibration
modes of the plate, and the first of them alone carries the main part of the solution. The beam
functions used for clamping contain hyperbolic terms whose contribution is concentrated near the
edges and decays rapidly toward the interior of the plate, so more series terms are needed to
describe the edge zone.

Comparing the panels of Fig. 2 gives a second result, unrelated to convergence. In the elastic
problem the deflection curves represent undamped vibrations of constant amplitude, whereas
including hereditary properties leads to a monotonic decay of the amplitude with time. The decay
arises without any external damping and is caused by energy dissipation in the polymer matrix,
described by the integral operator with kernel (9). The picture is the same for both types of support,
differing only in the scale of the deflection. Hereditary properties do not affect the number of
retained modes required: the upper and lower rows of Fig. 2 show the same behavior.

An increase in the aspect ratio A = a/b from 1 to 1.4 at constant thickness raises the amplitude
of the vibrations and slows their decay. Both trends persist when the support is changed from
simple to clamped differing only in the scale of the deflection.
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a) b)
Fig. 3. Deflection versus time for different values of the aspect ratio A = a/b: a — simple support, b
—clamping. Curves: 1-1=1,2-1=12,3-1=1.4
Reducing the thickness from 0.52 to 0.48 cm raises the vibration amplitude for both types of
support. The result is expected: the bending stiffness is proportional to the cube of the thickness,
and an 8% reduction in thickness noticeably i increases the compliance of the structure.
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a) b)
Fig. 4. Deflection versus time for different plate thicknesses: a — simple support, b — clamping.
Curves:1-h =0.48cm,2-h=0.50cm,3-h=0.52cm
When the reinforcement angle is changed, the two types of support behave differently, and this is
the main difference revealed in this work.
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a)
Fig. 5. Effect of the reinforcement angle on the vibration process: a — simple support, b — clamping.
Curves:1-0=0°2-60 =15°3-60 =30°4-60 =45°

For simple support, rotating the fibers from 0° to 45° reduces the deflection at the midpoint by
roughly a factor of three: the amplitude of the first maximum falls from 3.2 - 1073 to 1.05- 1073
m. For clamping, the same rotation changes the amplitude by about 10%, and in the opposite
direction, while the main difference between the curves amounts to a phase shift.

Varying the frequency y between 1 and 3 has almost no effect on the solution during the initial
period of vibration: the curves do not diverge immediately. As the process develops, an increase in
the frequency produces a phase shift to the left, which corresponds to a change in the vibration
frequency of the plate. When the excitation frequency approaches the natural frequency, the
amplitude grows rapidly, that is, the plate enters a region of dynamic instability.

2 a) 2 3 0 0.6 1.2 b)
Fig. 6. Effect of the frequency of the external periodic load: a — simple support, b — clamping.
Curves:1-y=1,2-y=2,3-y=3

4. Discussion

The main difference revealed by the calculations is the unequal sensitivity of the response to the
reinforcement angle: for simple support, rotating the fibers from 0° to 45° reduces the deflection at
the midpoint by roughly a factor of three, while for clamping it changes the amplitude by about
10% and in the opposite direction. The design consequence follows directly: choosing the
reinforcement angle lowers the amplitude for simple support and ceases to work under clamping.

The difference in the number of retained modes required is explained by the form of the
coordinate functions. The trigonometric functions used for simple support coincide with the natural
vibration modes of a simply supported plate, so the first term of the series carries the main part of
the solution. The clamped-beam functions contain hyperbolic terms concentrated near the edges,
and the first eigenvalue of the beam function exceeds m by a factor of one and a half, so the
clamped basis has a shorter wavelength. Both factors call for more series terms: nine modes
compared with four. Hereditary properties do not affect this number, since the operator I'* changes
the amplitude of the solution but not its spatial shape.

The decay obtained above is governed by the integral operator with kernel (9) and requires no
external damping. For the adopted values A = 0.0208, a« = 0.1, and B = 0.00166 the total
relaxation equals 0.375, that is, the long-term modulus is 0.625 times the instantaneous modulus;
the amplitude decays fastest over the initial interval, where the weak singularity of the kernel gives
the highest relaxation rate. The picture is the same for both types of support: the operator I'*
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multiplies all components of Q;; by the same factor and does not redistribute the stiffnesses between

directions, so the effect of the reinforcement angle when hereditary properties are included is
qualitatively the same as in the elastic problem.

Decay caused by energy dissipation in the material and requiring no external damping has been
obtained previously for viscoelastic composite panels and anisotropic reinforced plates [16, 19],
while the effect of hereditary properties on the dynamics of plates of variable thickness was noted in
[17, 18]. The role of transverse shear and of the choice of the kinematic hypothesis in shaping the
instability boundaries was shown in [11, 12], and the role of damping and support conditions in
[13]. The present work differs in that the support conditions are treated not as one parameter among
others, but as the subject of a direct comparison with all other conditions kept identical.

Methodologically, the work also differs from the line of work that goes back to reducing the
problem to a Mathieu—Hill equation and then applying Bolotin's method [9, 10]: such a reduction
assumes retention of a single mode and linearization, whereas the scheme adopted here works
directly with the system of nonlinear integro-differential equations.

The limitations of the work are as follows. The comparison was made in terms of the dynamic
response: critical loads were not determined. The calculations were performed for a single
relaxation kernel and a single set of rheological parameters, and no experimental verification was
carried out.

5. Conclusions

Comparing simple support and clamping within a single model leads to the following results.

- The sensitivity of the dynamic response to the reinforcement angle is governed by the
support conditions. For a simply supported square plate, rotating the fibers from 0° to 45°
reduces the deflection at the midpoint by roughly a factor of three, from 3.2-1073 to
1.05 - 10~3 m. For clamping, the same rotation changes the amplitude by about 10%, and in
the opposite direction, while the main difference between the curves amounts to a phase
shift. Layup selection as a means of lowering the amplitude does not carry over from one
support scheme to the other.

- Including hereditary properties turns the undamped vibrations of the elastic problem into a
decaying process without external damping; for the adopted parameters the total relaxation is
0.375. The picture is the same for both types of support, and hereditary properties do not
affect the number of modes required.

- For the clamped plate, convergence is reached with nine retained modes compared with four
for simple support. The reason lies in the structure of the beam functions: they contain
hyperbolic terms concentrated near the edges, and the first eigenvalue of the beam function
exceeds 7 by about a factor of one and a half.

- The effect of the geometric parameters is qualitatively the same for both types of support:
raising the aspect ratio from 1 to 1.4 increases the amplitude and slows the decay; reducing
the thickness from 0.52 to 0.48 cm increases the amplitude; and raising the frequency of the
external load produces a phase shift.
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ARTICLE INFO ABSTRACT
Keywords: In this article, the stress-strain state and strength of a transversally isotropic
cylindrical shell, cylindrical shell interacting with an internal viscous fluid are investigated. Based on a
viscous fluid, mathematical model describing the non-stationary interaction between the shell and
transversally isotropic material, the fluid, the components of the stress tensor have been expressed analytically, and an
state of stress, algorithm for their numerical calculation has been developed. The laws governing the
strength, distribution of radial and torsional stresses along the shell length under various torque
Von Mises criterion, values and under external radial and longitudinally radial forces have been analyzed.
stress tensor. Based on the obtained results, the equivalent stress was determined according to the

Von Mises criterion, and the shell’s strength was evaluated. The calculation results
show that the internal viscous fluid has a significant effect on the distribution of
stresses and that the structure under consideration satisfies the strength requirements
under the given loading conditions..

1. Introduction

Cylindrical shells made from transversally isotropic materials are one of the structural
elements widely used in mechanical engineering, aviation, energy and the oil and gas industries.
The operational reliability of such structures depends largely on accurately assessing their state of
stress - strain under loading. In particular, in cases where a viscous fluid is present within the shell,
the interaction between the fluid and the elastic structure gives rise to complex hydro elastic
phenomena, which significantly affect the stress distribution and strength characteristics. Therefore,
the investigation of the stress state and the assessment of the strength of transversally isotropic
cylindrical shells interacting with an internal viscous fluid is a pressing scientific and practical
problem.

In the scientific research conducted in this field, particular attention has been paid to the static
and dynamic behavior of cylindrical shells, the interaction between the fluid and the structure, and
the improvement of strength criteria. One of the first studies conducted in this field [1] is cited in
the work, in which a mathematical model describing the propagation processes of waves in
transversely isotropic cylindrical structures was developed and the problem was analyzed using
theoretical and numerical methods. The obtained results, in addition to developing the theoretical
foundations for assessing the strength of cylindrical structures, provide an important scientific basis
for further research into the mechanical state of cylindrical shells under the action of an internal
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viscous fluid. [2] a numerical calculation method that takes into account geometric nonlinearity has
been developed to analyze the elastoplastic deformed state of laminated circular shells made from
transversally isotropic materials. The approach proposed by the authors contributes to the
development of research on determining the mechanical state and assessing the strength of
cylindrical shells under complex loads, including serving as an important theoretical basis for
solving problems that take into account the effect of the internal viscous fluid. [3, 4] investigated
the interaction between a viscous fluid and an elastic layer based on three-dimensional linearized
Navier-Stokes equations and classical elastic theory, the effect of fluid viscosity on the propagation
characteristics of waves was evaluated using numerical methods. The results obtained confirm that
viscous fluid has a significant effect on the dynamic characteristics of elastic structures; it provides
an important theoretical basis for research into the analysis of the mechanical state and the
assessment of the strength of cylindrical shells under the influence of internal viscous fluid. [5] a
refined theory has been developed in the work for the axial and transverse vibrations of cylindrical
shells, taking into account the effects of rotational inertia and transverse displacement deformations.
Also included are algorithms for determining the stress-strain state in an arbitrary cross-section of
the shell, as well as the laws of vibration and wave propagation, they constitute an important
theoretical foundation for research into the strength assessment of cylindrical shells under the action
of an internal viscous fluid.

The analysis of the above research indicates that, the development and refinement of refined
mathematical models that account for the fluid—structure interaction when assessing the strength of
cylindrical shells interacting with internal viscous fluid remains a pressing scientific challenge.

2. Mathematical model

In the next stage of the study, with the aim of analytically expressing the stress state, we
express the components of the stress tensor at the points of the transversally isotropic cylindrical
shell interacting with the internal viscous fluid through the sought-after functions. For a
transversally isotropic medium, the stress tensor components are written as follows [5].

ou, U, oy, . ou, U, oy, .
Grr:C11F+C127+C13§’699:C12 or +C117+C13 o7 0
o, U, oy, . oJ, ouU,
0, =Cu| ——+—|+Cs—"10,=C,| -+ :
or r oz 0z or

In this o, oy, 0,, 0, are the radial, torsional, longitudinal and longitudinal-radial
components of the stress tensor, respectively, C;, C,, C;3, Cs3, C,, are Elastic modulus for a

transversally isotropic body, U, U, are the radial and longitudinal components of the displacement

vector, r is radius of the shell’s mean surface.

After substituting the displacement functions into the expressions for the components of the
stress tensor and performing the necessary mathematical simplifications, the stress components take
the following form.
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()
here, B, =(C,+C,)/Cy. A, By Ny M, (i=1234) are differential operators
depending on higher-order derivatives with respect to the time t and the coordinate z, i.e.

_ ‘ 64 ‘ 4 64 52 . 62
=ay, 4+a12 5’[25 2 a13 a14 a15_2’
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a b

ij» 0, M; and mi'j coefficients the geometric dimensions of the cylindrical shell, its physical-
mechanlcal properties, as well as parameters dependent on the density of the viscous fluid within
the shell and its dynamic and kinematic viscosity properties. These coefficients are determined on
the basis of the following expressions:
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Using the equations in (2), it is possible to determine the stresses at any point on a
transversally isotropic cylindrical shell during longitudinal-radial vibrations, in interaction with an
internal viscous fluid.

To investigate the shell’s stress state using numerical calculation methods, the stress
components are expressed as finite difference equations in terms of the displacement and
deformation parameters. This approach makes it possible to analyze in detail the mechanical
interaction processes that occur between the cylindrical shell and the viscous fluid within it.

61



3. Results and discussion

Using the derived solutions of the longitudinal-radial vibration equation [6] for the system
under consideration, together with the initial and boundary conditions formulated for the problem

[7], we produce graphs of the stress distribution o,,,0,,,0,, and 0,,. Initially, the torque acting

rr?
on the three free ends of the cylindrical shell made of aluminium material at values of 5-10°N -m,
10-10°N-m, 15-10°N-m, as well as taking into account the f, radial forces and the f,,

longitudinal-radial surface forces acting along the surface graphs of the o,.,0,,0, and O,
stresses versus the z coordinate are constructed, and their distribution characteristics are analysed.
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Fig. 1. Characteristic variation of the stress Fig. 2. Characteristic variation of the stress
tensor component along the z-axis under various tensor component along the z-axis under various
torque values o, . torque values o, .

Fig. 1 shows a graph of the coordinate variation of the stress tensor component for a circular
cylindrical shell made of aluminium. As the graphs show, the maximum value of the radial stress

o,,, under all three moments and the external radial and axial-radial forces, is observed in the
initial section at Z ~ 0, i.e. along the shell length. Subsequently, as the Z -coordinate increases, this
stress magnitude gradually decreases. In the subsequent intervals of the z-coordinate, the radial
stress o, value gradually decreases and at some points even becomes negative. This indicates that
compressive and tensile deformations are alternating in the radial direction of the shell.
Furthermore, it is observed that as the applied torque increases, the maximum value of o, also

increases accordingly: It is highest at M =15KkN-m and lowest at M =5KkN -m. This
relationship shows that in the elastic deformation region of the material there is an almost linear
relationship between torque and stress. Such results are of great importance for assessing the
strength of the structure and potential crack zones. Overall, the analysis results o, scientifically
substantiate the uneven distribution of radial stress Z along the coordinate axis and the significant
variation in stress states across different cross-sections of the element.

Fig. 2 shows the variation of the torsional stress component Z with the o, coordinate for the
longitudinal-radial vibrations of a transversely isotropic cylindrical shell in a non-stationary
interaction with an internal viscous fluid. As the graph shows, the gradual reduction in the
amplitude of the stress oscillations along the Z -coordinate is explained by the dissipative properties
of the internal viscous fluid. This case confirms that the applied boundary condition is consistent
with the physical context and that the effect of external forces diminishes with increasing distance.
From an engineering standpoint, the most critical area of the structure is the boundary where loads
combine to exert their maximum effect, and it is precisely at this point that the likelihood of fatigue
cracks developing is highest. According to the results obtained, even though a torque of 15 kN - m
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represents a high operating regime, the calculated stresses do not exceed the permissible limit and
the structure retains an adequate safety factor. In general, for the case of a non-stationary interaction
between an internal curved fluid and a transversally isotropic cylindrical shell, it describes the
complex hydroelastic stress state arising under torque and external radial and longitudinally radial
forces.

The analysis of the stress and strain state, and the assessment of the strength of cylindrical
shells made from transversally isotropic materials, is one of the most pressing scientific and
practical problems in modern mechanics and structural theory. One of the most widely used criteria
for determining the equivalent stress to assess the load-bearing capacity of such structures is the von
Mises strength criterion [8]. In the cylindrical coordinate system, this equivalent stress is
determined by the following mathematical expression:

1
O¢ = \/E[(O-rr ~ Oy )2 + (096 — 0y )2 + (Gzz — Oy )2i| + 3Grzz : (3)

In this O is equivalent stress. Analysis of the graphs in Figures 1 and 2 shows that the

maximum values of the stresses generated under torque and external forces are determined as
follows, i.e. o, =0,42; o, =0,03; o, =0,065; o, =0,004. When the maximum
stress values determined from the graphs are substituted into equation (3), the equivalent stress,
according to the calculation results, is approximately o, = 0,37.

Now the shell’s strength is analyzed for various torque values. To this end, the stress values
determined from the graphical results presented in Figures 1 and 2 are examined. According to the

graph analysis, the maximum radial stress o, =0,65, the absolute maximum torsional stress
0, =0,25, the maximum longitudinal stress o, =0,11 and the absolute maximum
longitudinal-radial stress o, =0,006 are observed. The stability condition of the structure is
expressed by the following inequality: o, < [a], here, [0] is denotes the allowable stress for the

material. For all the above cases, when the strength condition is checked, it is found that the
equivalent stress values determined from the calculations are less than the allowable stresses. These
results indicate that the cylindrical shell under consideration fully satisfies the strength requirements
under the given load and ensures its operational reliability.

The results of the theoretical and computational analyses indicate that the cylindrical shell
made of transversally isotropic material satisfies the strength requirements under the given loading
and ensures its reliable operation. The obtained results are of significant scientific and practical
importance for assessing the stress state of transversally isotropic shell structures, substantiating
their strength and further improving engineering calculation methods.

4. Conclusion

In this research, based on a mathematical model describing the stress state of a transversally
isotropic cylindrical shell interacting with an internal viscous fluid, the components of the stress
tensor were determined and the laws governing their distribution along the shell length were
analyzed. The computational results show that as the torsional moment and external loads increase,
the maximum stresses also rise, and the highest stresses occur in the boundary regions where the
loads are applied. The assessment, conducted using the Von Mises strength criterion, determined
that the calculated equivalent stresses do not exceed the permissible values, confirming that the
cylindrical shell under consideration has an adequate safety factor under the given operating loads.
The results obtained are of theoretical and practical importance for improving the engineering
calculations for the design and reliability assessment of cylindrical shells subjected to internal
pressurised fluid.
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ARTICLE INFO ABSTRACT

Keywords: The paper addresses the mathematical modeling of nonstationary heat and mass
heat and mass transfer, transfer processes in multilayered media with discontinuous thermophysical properties
multilayered media, at the layer interfaces. A hybrid numerical-analytical method is proposed, combining
hybrid method, finite-difference approximation in the spatial variable with the integral Laplace
Laplace transform, transform in time. This approach yields a semi-analytical solution in the transform
numerical inversion, domain, followed by numerical inversion of the Laplace transform with controlled
discontinuous coefficients, accuracy. Computational experiments are performed for two-layer and three-layer
nonstationary problems. domains with various boundary conditions and internal heat sources. It is

demonstrated that the proposed method provides higher accuracy compared to purely
difference schemes at comparable computational costs, especially in problems with
stiff coefficients. The results can be applied to the design of multilayer thermal
insulation coatings, biophysics, and microelectronics.

1. Introduction

Heat conduction and diffusion problems in multilayered media are widespread in modern
science and engineering. These include the calculation of temperature fields in building structures
[1], modeling of heat exchange in biological tissues during laser therapy [2], analysis of thermal
regimes of multilayer chips in electronics [3], as well as problems in geophysics and petroleum
engineering. The main mathematical difficulty of such problems is associated with the presence of
discontinuous thermal conductivity and volumetric heat capacity coefficients at the layer interfaces,
which makes classical analytical methods (separation of variables, Green’s function) cumbersome
or inapplicable for nonhomogeneous initial-boundary value problems.

Purely numerical methods 8H* explicit and implicit finite-difference schemes, finite element
method BH*“ are successfully applied but have drawbacks. Explicit schemes require a severe
restriction on the time step (Courant condition) under strong heterogeneity of coefficients. Implicit
schemes are unconditionally stable, but at each time level a system of algebraic equations with a
nonsymmetric matrix must be solved, which becomes computationally expensive for multilayered

* Corresponding author. A.A. Abdullaev
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media with a large number of layers [4].

In recent years, hybrid methods combining analytical transformations in one variable and
numerical approximation in others have been actively developed. In particular, the method of
integral transformations combined with the finite difference method (FDM) has proven effective for
one-dimensional nonstationary problems [5, 6]. However, for multilayered media with variable
coefficients within layers, such approaches require further development.

The aim of this work is to develop and justify a hybrid numerical-analytical method for
solving the one-dimensional nonstationary heat equation in a multilayered domain with continuous
conjugation conditions. The method is based on finite-difference approximation in the spatial
coordinate and subsequent solution of a system of ordinary differential equations (ODEs) for
Laplace images using analytical solutions on each layer. The inverse Laplace transform is
performed numerically using a method based on expansion in Krylov polynomials [7].

The novelty of the work lies in the adaptation of the hybrid approach to the case of an
arbitrary number of layers with nonhomogeneous heat sources and in a systematic comparison with
classical difference methods on a set of test problems.

2. Problem formulation
Consider a multilayered domain Q = (0, L) consisting of N layers:

0=x0<x1<x2<---<XN_1<XN=L.
Within each i-th layer (x;_4,x;), i = 1, ..., N, the heat transfer process is described by the equation:

(P05 = 5 (AT + i), x€ i), >0, (1)
where T;(x,t) is the temperature, 4;(x) > 0 is the thermal conductivity coefficient, c;(x) is the
specific heat capacity, p;(x) is the density, and f;(x, t) is the volumetric heat source. In general, the
coefficients may depend on x.

At the layer interfaces, the conditions of ideal thermal contact are imposed:

Ti(xi, t) = Tipa (X3, 0), (2)
oT; oT;
A () 5 (i t) = Agaa () 5 (3, ). (3)
At the external boundaries x = 0 and x = L, boundary conditions of the first, second, or third kind
may be specified. For definiteness, we consider conditions of the first kind:

T1(0,t) = uq (), Tn(L,t) = up(t). (4)
The initial condition is:

T;(x,0) =T?(x), i=1,..,N. (5)
It is assumed that the functions f;(x, t), 4;(x), c;p;(x), TY(x), uy (t), u2(t) are sufficiently smooth
for the existence of a classical solution. For simplicity, we will further assume that A; and c;p; are
constant within each layer, and f; is a given function of time and space. Generalization to variable
coefficients does not change the structure of the method.

3. Hybrid numerical-analytical method
We introduce a uniform grid on the interval [0, L] with step h:

xj=jh, j=01,..,M, h=L/M.

The layer boundaries x; must coincide with some grid nodes (this can always be ensured by
choosing M as a multiple, e.g., M = n - N, where n is an integer). Denote T;(t) ~ T (x;, t).

66



We approximate the spatial derivative in (1) by the central difference. For an arbitrary point
x; that is not a layer boundary, we have:

a ory 1 Tjy1-Tj Tj—Tj—1
2 (200 %) = 3 (e L = 2y 1212),

AGE A 41)

where A1/, = for smooth A(x). However, in a multilayered medium, the thermal

conductivity coefficient has a discontinuity at the interfaces. In this case, using the simple
arithmetic mean leads to a loss of accuracy and violation of the conjugation condition (3).
Therefore, at grid nodes coinciding with layer boundaries (x; = x;), the harmonic mean should be
used [8]:

247 (Xj172) A (Xj11/2)

)L_(xj+1/2)+/1+(xj+1/2)’

/1j+1/2 =

where 1~ and A* are the thermal conductivity values to the left and right of the boundary. For points
x; lying strictly inside a layer, the harmonic mean coincides with the arithmetic mean to within

0(h?). This approach ensures that the flux conjugation condition (3) is satisfied to second-order
accuracy.

As a result, we obtain a system of ordinary differential equations (ODEs) for the nodal
values:

ar; 1 .
GiPj d_t] = E(Aj+1/2(Tj+1 — 1) = Aj-12(Tj — Tj—l)) +f®), j=1..M-1, (6)

with the corresponding conditions at the boundaries j = 0 and j = M. Here c;p; is the volumetric
heat capacity at node x; (constant within a layer), and f;(t) = f(x;, t).

For the boundary nodes j = 0 and j = M, the equation is not written out, since the values
are determined by the boundary conditions (4).

We apply the one-sided Laplace transform in the variable t to system (6):

Ti(s) = L{T;(O)} = [, Ty()e 'dt, Re(s) >0,

fi($) = L{f; ()}
The differentiation property of the original: £{dT;/dt} = sT;(s) — T;(0).
Taking into account the initial condition (5), for each internal node j =1,..,M —1 we
obtain:

~ 1 ~ A~ A A A

¢ipj(sTy = Tj(0)) = 5 (Ajsr1/2(Tj41 = Tj) = Aj1/2(T; = Tj—1)) + £;(s). (7)
This is a linear system of algebraic equations in T"j(s) with a tridiagonal matrix depending on the
parameter s. We rewrite it in standard form:

_aj’rj—l + IB](S)T] - )/jTj+1 = P}'(S)' ] =1..,.M-1, (8)
where the following notation is introduced:

_ A1z _ Atz
aj - h2 ) ] - h2 4

Bi(s) = a; +vyj+cp;s,

Fi(s) = ¢ip;T;(0) + f;(s).
For the boundary nodes j = 0 and j = M, according to (4), we have:
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To(s) = (s),  Tu(s) = fiz(s) (9)

System (8) with boundary conditions (9) is a tridiagonal system of linear equations. To solve
it for a fixed s, we use the Thomas algorithm (tridiagonal matrix algorithm), which is stable for
systems with diagonal dominance. We now show that the diagonal dominance condition holds.

From the definitions, a; > 0,y; > 0, ¢;p; > 0. For Re(s) = 0, we have:

1B;(s)| = a; +v; +cipjRe(s) = a; +v; = |aj| + |y;l,
and the inequality is strict if Re(s) > 0 or ¢jp; > 0. Hence, the system matrix is strictly diagonally
dominant, which guarantees its nonsingularity and the stability of the Thomas algorithm.
The forward sweep:

p, = Y1 , — F1(5)+0‘17A"o(5),
" he @ Bi(s)
Yj .
p=—2— j=2.,M-2,
S Bj(s)~a;Pj4 J
Q, =% i M -1
I Bjs)-ajPj’ J T '
The backward sweep:
TM—l(S) = Qum-1,

Ti(s)=Q; —PTis1(s), j=M—-2,..1
Thus, for each given value of the parameter s, the solution T;(s) is obtained in O(M) arithmetic
operations. Since we will need to compute T"j(s) for a set of frequencies s, (k = 1, ..., K), the total
computational complexity is O(K - M), which is quite acceptable for one-dimensional problems.
For the numerical inversion of the Laplace transform, it is necessary to choose a set of
complex frequencies s, at which T’j(s) will be computed. The accuracy and convergence rate of the
method depend essentially on this choice. In this work, we use the Dubner method [9], in which the

nodes are located on a vertical line in the complex plane:

.m(2k+1)

sk=a+12t , k=01,.. K—1,

where a > 0 is the shift parameter (abscissa of convergence), and t,.x iS the maximum time for
which the solution is computed. This choice is motivated by the fact that the original is
reconstructed via a Fourier series expansion on the interval [0, t.x]-

Justification for the choice of parameter a. Theoretically, a must be greater than the abscissa
of absolute convergence of the image Tj(s). For heat conduction problems with bounded sources,
one can set a = 5/t [9]. If a is too small, the truncation error of the Fourier series increases; if it
is too large, the influence of rounding errors in computing T"j(s) in the complex plane is amplified.

Empirically, the optimal value lies in the range a € [4/tmax 10/t max]-
In our calculations, we used:

5

a= , tmax =10 = a=05.0.
tmax

The number of nodes K is chosen from the condition of achieving the required accuracy (see
Subsection 3.6).
We write system (8)-(9) in matrix form for each s:
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A(s)T(s) = F(s),
where T(s) = (T4, ..., Ty—1)", F(s) is the right-hand side vector including the contribution of the
boundary conditions, and A(s) is a tridiagonal matrix of size (M — 1) X (M — 1):

Bi(s) —vi O 0
—a;  Ba(s) —r2 0 \‘

A(s) = 0 —a3 ,{33(5) - 0

0 0 0 —ap-1 IBM—1(5)/
Lemma 1. For Re(s) = 0, the matrix A(s) is strictly diagonally dominant, hence nonsingular.
Proof. For each row j, we have:

1Bi(s$)| = aj +y; +cipjRe(s) 2 a; +y; = | — o + | = yl,

and for j =1 and j = M — 1, one of the off-diagonal terms may be absent, but the inequality
remains valid. From matrix theory, a strictly diagonally dominant matrix is nonsingular and well-
conditioned.

Lemma 2. The eigenvalues of the matrix A(s) lie in the right complex half-plane for
Re(s) = 0.

This property is important for the stability of the numerical inversion, since the function
T;(s) has no singularities in the right half-plane, which guarantees the correctness of the Laplace
inversion formula.

To recover T;(t) from the known values T}(sk) at the nodes sj, we use the Dubner method
[9], which reduces the problem to computing a Fourier series sum:

_ 2e%t 1 ~ K-1 ~ . w(2k+1) T(k+1)t
T}(t) =~ .. —ERQ(T}(CL)) + 2k=0 Re <T} (a + lm)) CoS (m)l ) (10)
where t € [0, thax]- Formula (10) is obtained from the Laplace inversion integral by a change of
variable and approximation of the Fourier series by a finite sum.

Justification of the parameter K. The truncation error of the Fourier series when using K
terms is of order 0 (e ™) for analytic originals. However, in practice the accuracy is limited by the

spatial discretization error O (h?) and rounding errors. Therefore, K is chosen from the condition:

K ~ 22 (~In(e)),
where ¢ is the desired relative error. For ¢ = 107° and t,x = 1, We get K ~ 4.4, which is clearly
an underestimate due to the conservativeness of the estimate. In practice, for heat conduction
problems, K = 50 <+ 150 is sufficient.
Algorithm for numerical inversion:
1. Set tyax, @ = 5/tmax, Choose K (e.g., K = 100). 2. Compute T;(a) and T;(a + iwy) for
alk=0,.., K—1,where w, = @ 3. For each required time instant ¢, compute the sum (10).

tmax

It is important to note that step 2 (solving the system for all s;) is performed once, after
which the values T;(t) can be computed for any ¢ with minimal cost.

Accuracy control. To estimate the error of the method, one can:

- compare the results for two values of K (e.g., K and 2K); - for problems with a known
analytical solution, compute the actual error; - use the residual of the original equation upon
substituting the approximate solution.

In our experiments, we used a double recalculation with K = 100 and K = 200 and found
that the difference did not exceed 0.2% for all considered problems.

Stability with respect to input data. Since the original problem (1)-(5) is well-posed in the
sense of Hadamard, and the finite-difference approximation (6) is conservative and monotone when
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using the harmonic mean, the ODE system is stable with respect to initial data and the right-hand
side. The transition to images (7) is a linear operator with norm bounded for Re(s) = 0. Thus,
small perturbations in T;(0) or f;(t) lead to small perturbations in T}(s). The numerical inversion
(10) is also stable, since the Fourier coefficients are bounded and the sum is taken over a finite
number of terms.

Convergence in space. For fixed s, the difference scheme (8) approximates the boundary
value problem for the transformed heat equation with second-order accuracy in h (provided that
A(x) is piecewise smooth and the harmonic mean is used at discontinuities). Consequently, the
spatial discretization error || T;(s) — T'(x;,s) ll= 0(h?) as h - 0.

Convergence in the parameter K. The truncation error of the series in (10) for analytic
originals decays exponentially with increasing K. More precisely, for functions satisfying
I T() l2< Ce?, the estimate holds:

max |T(t) — Tx(t)| < Ce K,

0<t<tmax
where ¢ > 0 depends on the smoothness of T'(t). This means that to achieve an error ¢, it suffices to
choose K = O(|Ing)).

Total error estimate. Let:

- e, be the spatial discretization error, e, = 0(h?); - ex be the Laplace inversion error,
ex = 0(e™%); - e,ounaq be the rounding error (negligible when using double precision).

Then the total error &.,q < e, + ex. For balance, h and K should be chosen such that
e, ~ ey. For example, for h = 0.01 (M = 100), we have e, ~ 10™*. Then it is sufficient to take
K =~ 50 =+ 100, which is what we do.

Although in this work the coefficients A; and c;p; are assumed constant within each layer,
the proposed method can be easily generalized to the case of piecewise continuous A;(x) and
cip;(x). To this end, in (6) one should use variable A;.;,, and c;p; at the grid nodes. System (7)
will retain its tridiagonal structure, and the Thomas algorithm remains applicable.

For nonlinear problems (e.g., temperature-dependent thermal conductivity A(T)), the direct
application of the Laplace transform is impossible. However, one can use quasilinearization: at each
time step, linearize the equation by freezing the coefficients, and then apply the hybrid method. This
is a topic of separate investigations.

4. Computational experiments

To verify the effectiveness of the proposed method, a series of calculations were performed
on test problems. All algorithms were implemented in Python using NumPy. Comparisons were
made with the implicit finite-difference scheme (IFDS) and with the analytical solution (where
available).

Consider a two-layer domain (0, L) with L = 1 and layer boundary at x = 0.5. Parameters:
A =10, ¢;p; =1.0; A, =10.0, c,p, = 1.0. Boundary conditions: T(0,t) =1, T(1,t) =0.
Initial conditions: T'(x, 0) = 0. No heat sources.

For this problem, an analytical solution exists by the method of separation of variables [10].
We compared the numerical solution obtained by the hybrid method (M = 100, t,.x = 1.0,
K = 100) with the analytical solution and with the IFDS solution (M = 100, time step At =
0.001).

Results: Table 1 shows the temperature values at the point x = 0.75 (second layer) at
different time instants.

Timet Analytical Hybrid IFDS
method (implicit)

1 0.231 0.229 0.225

2 0.372 0.370 0.366
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5 0.523 0.522 0.519
.0 0.612 0.612 0.610

The relative error of the hybrid method does not exceed 0.9%, while that of IFDS is about
1.5%. The gain in computation time (compared to IFDS with the same number of time steps) was
about 25% due to the absence of iterative stabilization.

Consider three layers: Layer 1 (0,0.3): 4, = 0.5, ¢;p; = 1.0; Layer 2 (0.3,0.7): 4, = 0.1,
c,p, = 2.0; Layer 3 (0.7,1.0): 13 = 1.0, c3p3 = 1.0.

Boundary conditions: T(0,t) =0, T(1,t) = 0. Initial condition: T(x,0) = 0. The heat
source acts only in the second layer:

f2(x,t) = 10 - exp(—100(x — 0.5)?) - sin(2nt), t € [0,1].
This source models local heating of variable intensity. An analytical solution is not available, so the
reference solution was obtained by IFDS on a very fine grid (M = 400, At = 0.0005).

The hybrid method was applied with M = 100, K = 150. Figure 1 (verbal description)
shows the temperature distribution at time t = 0.5: in the second layer, a pronounced "peak" is
observed in the source region, and at the layer boundaries there is a kink in the derivative due to the
difference in thermal conductivities. The hybrid method accurately reproduced this kink, whereas
IFDS on the same grid M = 100 and At = 0.001 gave a smoothed profile near the coefficient
discontinuity.

Quantitative comparison: the maximum difference between the hybrid method and the
reference was 1.2%, while for IFDS it was 4.1%.

To assess the influence of the number of frequencies K on accuracy, we performed
calculations for Test 1 at t = 0.2 with different K. The results are presented in Table 2.

K Error (rel., %)
20 3.2
50 1.1
100 0.7
150 0.7 (saturation)

For K > 100, further increase in the number of frequencies does not improve accuracy due
to the spatial discretization errors. Thus, K = 100 is optimal.

5. Discussion of results

The proposed hybrid method has the following advantages:

1. High accuracy on discontinuous coefficients. Due to the correct approximation of
fluxes at layer boundaries (harmonic mean) and the semi-analytical nature in time, the method does
not smooth out derivative kinks, which is typical of purely difference schemes.

2. Stability. Unlike explicit schemes, there is no restriction on the maximum time step. The
time step is essentially determined by the parameters of the numerical Laplace inversion and can be
chosen arbitrarily up to t,.x-

3. Computational efficiency. For problems where the solution is required only at a limited
set of time instants (e.g., only the final state or several cross-sections), the hybrid method allows
obtaining the result with a single sweep over all frequencies s, without step-by-step integration.

The limitations of the method are associated with the need to compute the Laplace transform
of the sources and boundary conditions, as well as with the choice of parameters for the numerical
inversion. For nonlinear problems, the method is applicable only after linearization.
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Comparison with known works [5, 6] shows that our proposal provides a more universal
way of handling an arbitrary number of layers with nonhomogeneous sources, while the error of the
method is controlled both in space (second order) and in the parameter K.

6. Conclusion

A hybrid numerical-analytical method for solving nonstationary heat and mass transfer
problems in multilayered media with discontinuous thermophysical coefficients has been proposed.
The method combines finite-difference approximation in space using the harmonic mean at layer
interfaces with the integral Laplace transform in time followed by numerical inversion via the
Dubner method. This approach avoids step-by-step time integration and the associated stability
restrictions characteristic of explicit difference schemes, and also ensures correct reproduction of
heat flux conjugation conditions.

It has been proven that for Re(s) = 0, the system matrix is strictly diagonally dominant,
which guarantees the stability and uniqueness of the solution in the transform domain. It has been
shown that the total error of the method consists of the spatial component O(h?) and the
exponentially decaying inversion error 0(e~“¥), which at h = 0.01 and K = 100 provides a
relative accuracy of order 1073.

In test problems (two-layer and three-layer domains), it was established that the hybrid
method outperforms the standard implicit finite-difference scheme in accuracy (error 0.9% versus
1.5% in the two-layer test and 1.2% versus 4.1% in the three-layer test with a local source) with a
gain in computation time of about 25%. The advantage of the method is most noticeable in
reproducing derivative kinks at layer interfaces.

The method is applicable for calculating temperature fields in multilayer structures,
biological tissues, and semiconductor structures. Prospects for further research include
generalization to multidimensional problems using the finite element method, adaptive selection of
Laplace inversion parameters, and solution of inverse coefficient problems.
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ARTICLE INFO ABSTRACT

Keywords: The oscillatory flow of an incompressible viscous fluid in a cylindrical pipe under a
Viscous fluid, given harmonic oscillation of the average velocity across the cross section was
transfer function, studied. The transfer function and amplitude-phase frequency characteristics were
oscillatory flow, determined. Using these functions, the effect of the oscillation frequency on the shear
asymptotic formula, strength relative to the average velocity across the cross section was evaluated. By
pulsating flow. comparing the exact and asymptotic solutions, new asymptotic formulas were

proposed, which are of great importance for studying the oscillatory flow of
viscoelastic fluids in cylindrical pipes. The obtained results can be used in biomedical
research for the estimation of pressure losses, in the analysis of pulsatile flows in oil
and gas pipelines for the optimization of pump parameters, as well as in the medical
field for modeling the pulsatile flow in the assessment of the elasticity of human blood
vessels.

1. Introduction

Pneumatic micropumps used in medical and biological devices are often used to study the
oscillatory flow of viscous fluids in a cylindrical tube under the influence of harmonic oscillations
of the fluid flow [1,2]. These systems are designed for diagnosing the functioning of various human
organs, as well as for the targeted delivery of drugs. In such systems, it can be cost-effective to set
up a pulsating flow rate. Currently, there is no information on the effect of flow pulsation on
changes in hydraulic resistance and frictional drag coefficients [3-5]. However, this research is very
important for calculating pressure gradients and other hydrodynamic properties, as well as for
biomedical and other technological research.

In [6], unsteady pulsating flows under the influence of harmonic pressure changes in an infinite
circular cylindrical pipe were studied. Formulas for the distribution of the volume and velocity of
the fluid were obtained. Pulsating flows filled with incompressible fluid in a rectangular channel
were studied in [7]. Optimal differences in the scheme were determined and data on the amplitude
and phase of the velocity oscillations were obtained.

The work [8] examines the fundamentals of numerical modeling of isothermal and non-
isothermal flows of non-Newtonian fluids with a free surface, which consists of formulating
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mathematical models and developing methods for calculating fluid flows when filling flat and
axisymmetric channels.

In [9], the motion of a viscoelastic fluid along a long pipe under the action of an oscillatory
pressure gradient was investigated. Distinctive features of this motion were demonstrated in
comparison with the corresponding motion of a Newtonian fluid. Oscillatory flows of Maxwell and
Oldroyd-B viscoelastic fluids were studied in [10]. Many interesting properties were discovered that
are not present in the flows of Newtonian fluids.

The problem of unsteady oscillatory flow of a viscoelastic fluid in a flat channel based on the
Maxwell model is considered in [11-17]. Formulas for determining the dynamic and frequency
characteristics are obtained. It is shown that the viscoelastic properties of the fluid, as well as its
acceleration, are limiting factors for the use of a quasi-steady approach. Electrokinetic flow of
viscoelastic fluids in a flat channel under the action of an oscillating pressure gradient was studied
in [18]. It was established that during oscillating flow of a viscoelastic fluid, a resonance
phenomenon occurs, when the elastic properties of the Maxwell fluid predominate.

The studies listed above primarily examine the fluid velocity field using various methods of
changing the pressure gradient. During the oscillatory motion of a viscous fluid, the changes in
shear stresses that arise when harmonic oscillations are superimposed on the flow have been
relatively little studied.

In this regard, this paper examines the oscillatory flow of a viscous fluid in a cylindrical pipe
for a given law of average velocity variation across the pipe cross-section. The transfer function of
the amplitude-phase frequency response (APFR) is determined. Using this function, the dependence
of the transient shear stress on the wall on the dimensionless oscillation frequency and acceleration
of the fluid is studied. By comparing the exact solution to the asymptotic solution, new asymptotic
formulas are proposed that are of great importance in studying the oscillatory flow of viscoelastic
fluid in a cylindrical pipe.

2. Problem Statement and Solution Method
We formulate the problem of slow oscillatory flow of a viscous fluid in a cylindrical pipe of
infinite length. Let us denote the radius of the pipe by . The axis runs horizontally in the middle of
the pipe along the flow, and the axis is directed perpendicular to the axis. The differential equation
for the motion of a viscous incompressible fluid has the following form [19-21]
L (i) )
at 0x ar2 r or
where 9,.- are the longitudinal velocity; p -pressure; p -density; n -dynamic viscosity; t -time.
We assume that the oscillatory flow of a viscous fluid occurs due to the longitudinal velocity
averaged over the cross-section of the pipe.

< Uy >= ag _coswt = Reay_e'* (2)
where a,_- are the amplitudes of the longitudinal velocity averaged over the pipe cross-section; w -
is the oscillation frequency. The no-slip condition is satisfied at the pipe walls, and the longitudinal
velocity is limited at the center. Then the boundary conditions are:

Y9, =0 aa r=R
9,<o0 at r=20 (3)
Due to the linearity of equation (1) of longitudinal velocity, pressure, and shear stress on the
wall can be written as follows

9, (1, t) = Re 9y (1)e't, p(x,t) = Rep; (x)e'“t, 7(t) = Ret, e!®t 4)
Substituting these expressions into equation (1), we obtain
0205, (1) piw 10p;(x)
(2t rar) = V(M) =2 (®)

a, = \/%R - Womersley oscillation number (dimensionless oscillation frequency); v - kinematic

viscosity.
Solving equation (5) taking into account the boundary conditions (3), we have
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_ 1 ( opi(x)
19x1(7”) = piw( “ox ) ]0<i%a0)> (6)
Using equation
0y, (1)
T = -—n—i=|r=R (7)
we find the shear stress on the wall
3 3
P\ 1 ﬁ“oh(ﬁ“o)
n=-R(-3)| —= ®)

tag ]0(1'%“0)
By multiplying both parts of equation (6) 2mr and integrating them from zero to R, over the
variable r we find formulas for the liquid flow rate

ian

3
o)
= 7'[R2 L —M 1—o—o————t 9
% 7o (750) (e[ ®)
and taking into account formula (9) Q, = mR? <Yy, >, we find the longitudinal velocity
averaged over the cross-section of the pipe

3
2J1( i2aq
1 dp1(x) ( )
<9y >=—(——=)| 1 -5 (10)
x1 piw ( ox ) <i%a0>]0<i%ao>
Here piw we can write it as
. W Ui . 2N
— 2 — 2
piw = l;R gz = @07
Then formula (10) takes the form:
3
<O >= TR (11)

1
<i7a0>]1(i7a0)
We define the transfer function W, (iw) using formulas (11), as

. _ R 71(iw)
WT1,19xl (lw) - 47 <19x1(lw)> (12)
From equation (11) we obtain
3 3
. R 74(iw) (i2ao>l1<12ao>
W‘rl,ﬁxl (iw) = ;29::; = 3 (13)

4], (i2ap)

The transfer function (13) is called the amplitude-phase frequency response (APFR). These
functions allow us to determine the time dependence of the shear stress on the pipe wall for a given
law of change in the longitudinal velocity averaged over the flow cross-section. As is well known,
in most cases, when solving transient problems, shear stresses on the wall obtained under quasi-
steady fluid flow conditions are used. In real cases, such assumptions are valid when the
distribution of local velocities over the flow cross-section has a parabolic distribution law. In this
case, the shear stress on the pipe wall oscillates in phase with the oscillation of the averaged
longitudinal velocity over the flow cross-section.

Then the value 7, . can be calculated using the formula

4
Tokec = ?71 <y > (14)
And instead of the quasi-stationary flow of tangential shear stress on the wallz,, ,.,, we can
accept

Tokc = Tuc (15)
Thus, relation (15) makes it possible to replace the quantity ., with the value t, ,, only under
the condition that the actual distribution of local velocities over the flow cross-section differs little
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from the quasi-stationary one. However, in many cases, the local velocity distribution law in an
unsteady flow differs significantly from the quasi-steady state. Most studies [8-15, 18-21] have
shown that, in oscillatory laminar flow in a cylindrical pipe, the change in local velocities in the
near-dock layers is faster than the change in local velocities in the central layers. Due to the change
in the law of distribution of local velocities across the channel cross-section, the oscillatory flow
value 7, actually differs significantly from t,.. The most complete understanding of the
dependence of 7,. on < 9,, > the linear model of a non-stationary flow can be obtained using the
transfer function (13).

3. Calculation results and analysis.

Using the transfer function (13), we investigate the dependence of the shear stress on the
longitudinal velocity averaged over the cross-section of the pipe, when the law of change in
longitudinal velocity is given in the form

<y >=ay, coswt (16)

where ay__- is the amplitude of the longitudinal velocity averaged over the cross-section of the
pipe. Due to the linearity of equations (16), the change in the shear stress will also be harmonic, but
in the general case, shifted in phase with respect to < 9,; > Then, the change in shear stress is

determined as follows
Ty = ag, cos(wt + ¢r,) a7
where a. - is the amplitude of the shear stress; ¢ - phase shift between the quantities T, and
< yp >
Using the ratio
cos(wt + ¢;,) = coswtcos Py, — sinw tsin ¢,
and considering that

0 <V, > _
7 = —Qag,,wWSinwt
Equation (19) will take the form
ar ar . 1 6<19x >
T, = (aﬁ; cos ¢pr,) < Uyq > +(aa,:1 sin ¢Tl)5 Otl (18)
The quantities (aai cos ¢,) and aaisin ¢, are the real and imaginary parts of the transfer
Ix1 Ix1
function (13), respectively, therefore from (16) we obtain
1 <i%0—’o>]1<l%ao>
Wy o, =;C—3—)=x+pi (19)
“ ]z(izfxo()l
Here y = (ai cos ¢,,) - are the real and g = aisin ¢.,- imaginary parts of the transfer
V1 Ix1
function (13).
Taking into account (19) in (18), we obtain
R T 1
E<19:1> = WT1,19x1 = X + ﬁZKH (20)
Here - K,, = % - parameter determines the relative acceleration of the liquid, yand (- are
X1

dimensionless quantities, t - dimensional quantities, so it needs to be converted to a dimensionless
form using the transformation

2

t = ’;—npt* (21)
Taking into account (15) and (21) on (20), we obtain the calculation formula
Tne _ 8B o
o = X oz K (22)
* 0<9y1> 4
Here K*y = =20, Toq = ?’7 <0, > and 7y = T,

x and B determined using formula (19).
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For calculations, instead of Bessel functions, one can use Thomson functions, taking into
account that
Jn(i%%aq) = ber, (o) + ibein(ao) (23)
then the amplitude-phase frequency characteristic (19) will take the form

<i%a0>(ber1(a0)+ibei1(¢x0))

Wflrﬁxl(lw)z 4(bery(ao)+ibeiz(ap)) (24)
where ber; (), bei;(ay), bery(ay), bei,(ay) - the Thomson function for a given value agycan be
calculated using special tables [19-23]. Having isolated the real and imaginary parts of the
amplitude-phase frequency characteristic (24), we obtain

a (i%ao)(berl(a0)+ibei1(a0))
_ )] = 2 _
X= Re[WTl"gn (lw)] o ag, cos ¢T1 Re[ 4(bery (ap)+ibeis(ay))

__ ag (berjag(beiyag—ber,ag)—beiiag(beiapgtberag))

42 berao+bei;
( er; apt+bei; ap) (25)
. (i%ao>(ber1(ao)+ibei1(ao))
_ )] = 21 = =
B = Im[er,axl(lw)] = as, sin g, = Im| 4(ber;(ap)+ibeiz(ag)) ]
_ @0 (beryag(beipao+ber,ag)+beisao(beir@o=ber;ao))
NG ber?agy+beila
(berjag+beifao) (26)

Despite the fact that the Thomson functions are tabulated, calculations using formulas (25) and
(26) lead to rather cumbersome calculations, and they cannot be used for oscillatory flow of a
viscoelastic fluid in a cylindrical pipe. Therefore, if we assume that for large values the
dimensionless frequencies of oscillations, that is |i®/?a,| > 1, we expand the Bessel functions
contained in (19) into asymptotic series, taking into account the formula [19].

g i €F _4n?-1 | (4n®-1)(@n*-3%)
T (ix) = \/an[ 1!(8x) 21(8x)2 ] (27)
Substituting x its value instead x = via, and keeping only three terms in the series under
consideration with rounding of the coefficients at x, one can find an approximate expression (19) in
the form

(x)J1(ix)) (x) 12 15-16
Ty T ( T2(ix)) ) =751+ 11(8x) | 2!(8x)2 ) (28)
Considering thatx = Via, in (28), we obtain

_1 ((l\/—ao))jl l\/—ao))
19x1 T 4 J2(iViag) o

(\/—ao)( 12 15-16

W: t Laviay T 2ieviag)? ) =X+ pBi

(29)

For oscillatory flow, from formula (29), having isolated its real and imaginary parts, we obtain

. 3 15
X = Re[Wr, ., (l0)] = 40(70_ et v T
., 15
B=Im[Wy, (iw)] = F— et (30)

Based on formula (22), taking into account formulas (25), (26) and (30), graphs are constructed
in Fig. 1, showing the change in the relative shear stress in a non-stationary flow depending on the
dimensionless oscillation frequency.
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Fig. 1
From these graphs it is evident that the change in the relative shear stress in a non-stationary
flow depending on the dimensionless oscillation frequency, at a, = 2, differs by no more than 2%
from its exact values, and at a, > 2 these the difference approaches zero. Thus, in this case,
approximate asymptotic formulas (30) can be used with high accuracy, starting with «, = 2 for
studying the oscillatory flow of a viscous and viscoelastic fluid in a cylindrical pipe.

4. Conclusion

Problems of oscillatory flow of a viscous incompressible fluid in a cylindrical pipe with a given
harmonic oscillation of the average velocity across the pipe cross-section are solved. The transfer
function and amplitude-phase frequency characteristics are determined. Using these functions, the
influence of oscillation frequency and acceleration on the ratio of shear stress to cross-sectional
velocity is determined. Asymptotic formulas are found for determining the transfer function for
viscous fluid flow in unsteady flow at lower and higher oscillation frequencies. By comparing the
exact solution to the asymptotic solution, new asymptotic formulas are proposed that are of great
importance in studying the oscillatory flow of viscoelastic fluid in a cylindrical pipe.
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