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Abstract. A mathematical model of the problem of nonlinear oscillations of a viscoelastic pipeline conveying fluid is developed in the paper. The Boltzmann-Volterra integral model with weakly singular kernels of heredity is used to describe the processes of pipeline strain. Using the Bubnov-Galerkin method, the mathematical model of the problem is reduced to the study of a system of ordinary integro-differential equations, where time is an independent variable. The solution of integro-differential equations is determined by a numerical method based on the elimination of the singularity in the relaxation kernel of the integral operator. Using the numerical method for unknowns, a system of algebraic equations is obtained. To solve a system of algebraic equations, the Gauss method is used. A computational algorithm is developed to solve the problems of the dynamics of viscoelastic pipelines with a flowing fluid. The algorithm of the proposed method makes it possible to investigate in detail the effect of rheological parameters on the character of vibrational strength of viscoelastic pipelines with a fluid flow, in particular, in the study of free oscillations of pipelines based on the theory of ideally elastic shells. On the basis of the computational algorithm developed, a set of applied computer programs has been created, which makes it possible to carry out numerical studies of pipeline oscillations. The influence of singularity in the heredity kernels and the geometric parameters of the pipeline on the vibrations of structures possessing viscoelastic properties is numerically investigated. It is shown that an account of viscoelastic properties of pipeline material leads decrease in the amplitude and frequency of oscillation. It is established that to reveal the influence of viscoelastic properties of structure material on the pipeline oscillations, it is necessary to use the Abel-type weakly singular kernels of heredity. The obtained results of numerical simulation can be used in the enterprises of oil and gas industries, as well as in design organizations.
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1. Introduction 

Currently, the oil and gas industry is often faced with the problems of repair, reconstruction and restoration of pipelines due to the impact of various external factors. One of the ways to solve this problem is the use of modern, resource-saving, environmentally friendly technologies, which include the use of non-metallic, in particular, polymer composite materials [1,2].
At present, the problem of considering the hereditary effects of deformable materials is of great theoretical and applied interest. Its solution is an effective application of the theory of viscoelasticity to real processes. Therefore, the methods and problems of the theory of hereditary elasticity attract great attention of researchers. There is a significant number of publications devoted to solving the problems of calculating the characteristics of viscoelastic thin-walled structures 3-21.
Mathematical simulation of dynamic problems of oscillations and the stability of viscoelastic systems is also a very relevant problem due to the fact that, on the one hand, the possibilities of using materials with pronounced viscoelastic properties in oil and gas industry and other branches of engineering are expanding, and, on the other hand, when using hereditary models [3] for describing the internal damping of material, the oscillation equations of elastic systems are written in the same form as for viscoelastic systems. Often when considering elastic systems, the internal friction of material is taken into account by the Voigt model, although it is known that even in systems with a finite number of degrees of freedom greater than unity, it leads to incorrect results, since for most materials the internal friction is virtually independent or, at least, weakly depends on the velocity of oscillations in a sufficiently wide frequency range. In this sense, a model that reflects hereditary properties [4] is more preferable.
Analysis of the stability of viscoelastic systems under dynamic effects causes great difficulties, since it is connected to integral-differential equations. In this case, when the relaxation value of material is small in comparison with unity, the averaging method is used [5] to solve the dynamic stability problem of a hinged supported rod. V.D. Potapov [4] in the study of the stability of integral-differential equations has used the Lyapunov exponent method.
Urbanowicz et al. [6] have studied the vibration behavior of viscoelastic pipelines. As a model of viscoelastic material, the Kelvin-Voigt generalized models are used. The results of numerical study of the processes in viscoelastic pipelines are presented. A comparison of numerical simulation and experimental data from known studiesis given.
…………………………………………………………………………………………………………………………………………………………
The wide use of new composite materials in nuclear power facilities, in aircraft construction, in oil and gas industry, in chemical production facilities and in other engineering industries requires further improvement of mechanical models of deformable bodies and the development of the methods for their calculation, taking into account the viscoelastic properties of thin-walled structures.
Thus, undoubted scientific and practical interest causes the construction of mathematical models that allow one to study the dynamic processes of viscoelastic pipelines conveying gas and fluid.
The aim of this study is to create a mathematical model, a numerical algorithm and a computer program for solving the problem of nonlinear oscillations of viscoelastic thin-walled pipelines of large diameter on the basis of shell theory [64, 65].

2. Mathematical model

Consider the behavior of a thin circular viscoelastic cylindrical shell conveying an ideal fluid with constant velocity U. The ordinary Kirchhoff-Love hypotheses are used and the deflections are assumed small in comparison with thickness (Fig. 1).


The Boltzmann-Volterra integral model, which characterizes the law of variation between stresses  and strains  in the middle surface, is written in integral form [66]

                                                     (1)



where Е – is an elasticity modulus; μ– the Poisson ratio; – integral operator with the kernel of relaxation , 0<<1: ;  t – time of observation;  - time, before the time of observation.
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Fig. 1. Geometry of the cylindrical shell.



Geometric relationship between the strains  in the middle surface and the displacements u, v, w in thex, y, z directions for the shells is represented in a nonlinear form [65]

                                           (2)
where кх, ку– are the curvature parameters.
At bending in the middle surface (Fig. 2), there are the forces:

           (3)
where h – is a shell thickness.   



Moments ,  andare determined through the deflection function w:

                                                 (4)


………………………………………………………………………………………………………………………………………………………..
Disregarding the wave character of strain propagation and neglecting the inertial forces in u and v directions (along x axis and tangential to the shell , see Figure 1) and nonlinear terms, from the system of equations (8), we obtain integro-differential equations of motion for viscoelastic cylindrical shell:




                                               (13)
where  Ф is the stress function. 


3. Discrete model

The solution of the systems of nonlinear IDE in partial derivatives, obtained in the previous section under different boundary conditions and in the presence of weakly singular heredity kernels, represents significant mathematical difficulties. Therefore, the natural way to solve these systems is to discretize with respect to spatial variables, and to obtain a system of ordinary IDE with respect to time functions. These equations will henceforth be called the basic resolving IDE of the problems of dynamics of viscoelastic systems. It is shown that when constructing a discrete model of nonlinear problems in the dynamics of the hereditary theory of viscoelasticity, the most effective method is the Bubnov-Galerkin variation method. The advantages of this method are:
- it allows one to solve complex problems for any boundary conditions with known coordinate functions;
- it is universal, as it suits for both linear and nonlinear problems of the hereditary theory of viscoelasticity;
- it ensures the convergence of the solution in the form of a functional series.
In this paper, the main resolving IDEs areis obtained by the Bubnov-Galerkin method.
With the assumption from [65] and assuming that  y = Rθ  (Fig. 1), the equation of oscillations of the viscoelastic cylindrical shell (8) with geometric nonlinearity has the form:




                                  (14)
The problem is solved under the following boundary conditions:


  at                                      (15)
An approximate solution of system (14) is sought in the form:



                             (16)


……………………………………………………………………………………………………………………..






Here-is a velocity of sound,  - dimensionless coefficients.

4. Methods of solution
Further, a numerical method is applied to the system (17), which describes nonlinear problems of oscillations of viscoelastic pipelines [68, 69]. This method is based on the use of various analytic transformations that make it possible to reduce the initial systems to the systems of integral equations with regular kernels and stable numerical integration ensuring the solution of problems with a high degree of accuracy. Since the integral in system (17) has a weak Abel-type singularity, it is impossible to use it directly to calculate a quadrature formula. Therefore, by changing the variables


,    (0<α<1)                                                          (18)
integral with the Koltunov-Rzhanitsyn kernel with a singularity of the following form

А                                                (19)

………………………………………………………………………………………………………………
Thus, according to a numerical method with respect to unknowns, a system of algebraic equations is obtained. The Gauss method is used to solve the system. Based on the developed algorithm, a package of applied computer programs is created.

4.1. Solution of the test cases
Verification of efficiency of the proposed numerical method and programs, based on the solution of test cases, is a necessary stage to confirm the reliability of research results obtained in solving specific problems. The problems for which an exact solution is known [68] have been considered as test cases. Tables 1 and 2 show a satisfactory agreement of approximate solutions with exact ones; this shows the reliability and high accuracy of calculation results.
1. Test Example 1. Consider a non-linear integro-differential equation of the form

               (24)

w(0)=1, ,
where

, 0<<1;    
………………………………………………………………………………………………………………………………………………………………………………………………………………………………
Table 1
Comparison of exact and approximate solutions of the IDE
	t
	Solution
	

	
	Exact
	Approximate
	

	0
	1,000000
	1,000000
	-

	1
	0,970445
	0,970373
	0,710-4

	2
	0,941764
	0,941622
	1,410-4

	3
	0,913931
	0,913644
	2,810-4

	4
	0,886920
	0,886569
	3,510-4

	5
	0,860707
	0,860271
	4,310-4

	6
	0,835270
	0,834855
	4,110-4

	7
	0,810584
	0,810278
	310-4

	8
	0,786627
	0,786113
	5,110-4

	9
	0,763379
	0,763126
	2,510-4

	10
	0,740818
	0,740509
	310-4




………………………………………………………………………………………………………………………….
From the table it follows that the error Δh  of calculations performed by described method coincides with the error of the quadrature formulas used and has the same order of smallness relative to the interpolation step (for the trapezoid formula the error of the method with respect to the interpolation step is of second-order, for the Simpson formula – of third order, etc.).

5. Numerical results

5.1. The effect of flow velocity on natural frequencies of pipeline oscillations

Let us investigate the effect of fluid flow velocity on the natural oscillations frequencies of pipes of cylindrical shell type at given boundary conditions (15).
The solution of simplified system (13) by the Bubnov-Galerkin method is sought in the form


       (29)                               
where  wn,m=wn,m(t)   are the sought for time functions. Substituting (29) into the second equation in (13), stress functions in the middle surface are found. 
………………………………………………………………………………………………………………………………………………….
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Fig. 11. Deflection – time dependence at =1,1(1), =1,5(2), =5(3); 
А=0,05; =0,25; =0,005; =0,02;  E=2∙106;  N=2; M=5; =0,1.



Fig. 11 shows the curves of deflection w – time dependence of the viscoelastic pipeline at different values ​​of the parameter =R/h. The calculation was carried out for viscoelastic pipes with a relative thickness =R/h, varying in the range from 1.1 to 5. Analysis of these curves suggests that a decrease in the thickness of the pipeline leads to an increase in the frequency of oscillations. In Fig. 11  there is a noticeable increase in the deflection amplitude of the pipeline at =5  (curve 3).
The effect of the Mach number  on the behavior of viscoelastic pipelines is studied (Fig. 12). It is seen that with an increase in , the amplitude increases proportionally. The greater the value of , the greater the amplitude of the oscillations and vice versa.
Fig. 13 shows the time variation of the displacement w of the midpoint of viscoelastic pipelines of cylindrical shell type, obtained from various theories: the linear theory (curve 1) and the nonlinear theory (curve 2).
According to Fig. 13, the results of linear and nonlinear theories differ significantly from each other. Although the solutions of the problems of linear and nonlinear theories differ little in the initial period of time, in the course of time the geometric nonlinearity exerts a significant influence on the solution.
5.3. Determination of critical fluid velocity



6. Conclusions

It should be noted that the algorithm of the proposed method makes it possible to investigate in detail the influence of geometric nonlinearities and viscoelastic properties of structure material on the vibrational processes of viscoelastic pipelines, in particular, in the study of free oscillations of pipelines based on the theory of ideally elastic shells.
In the modeling of linear and nonlinear problems, a number of new dynamic effects have been studied:
- it is established that an account of viscoelastic properties of pipeline material leads decrease in the amplitude and frequency of oscillations;
- it is revealed that an increase in the pipeline thickness (with a decrease in δ parameter) leads to a decrease in the amplitude of oscillations;
 - it is shown that an increase in geometric parameter γ and the Mach number  leads to an increase in the amplitude and frequency of oscillations;
- it is established that an account of nonlinear effects in solving problems of nonlinear oscillations of viscoelastic pipelines leads decrease in the amplitude and frequency of oscillations.
  The results of numerical simulation can be used in oil and gas industry, and in design organizations.
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